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The objective of this dissertation is to develop mathematical methods to assist in the development 

of continuous processes for the manufacture of pharmaceutical drug products. Specifically, 

modeling, analysis and optimization techniques will be developed in order to apply concepts from 

the field of process systems engineering to pharmaceutical development. These concepts, 

including sensitivity analysis, feasibility and flexibility analysis and optimal design under 

uncertainty, can contribute to the development of robust and well-understood manufacturing 

processes. This is consistent with the aim Quality-by-Design in the pharmaceutical process 

development. Throughout this dissertation, case studies related to continuous solids-based 

manufacturing will be used to demonstrate the role that process systems engineering can play in 

process development. The mathematical methods introduced in this dissertation will emphasize 

the use of reduced-order and surrogate models to address the unique challenges associated with 

modeling, analysis and optimization of solids-based processes.  
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Chapter 1 

1. Introduction 

1.1. The current state of pharmaceutical manufacturing 

In recent years, the pharmaceutical industry has experienced significant changes in the prevailing 

economic and regulatory environments. Increased global competition, particularly from 

manufacturers of generic products, has decreased the competition-free lifespan of products and 

reduced profit margins as drugs come off-patent. (Shah, 2004; Suresh & Basu, 2008) Regulatory 

agencies worldwide, including the US Food and Drug Administration (FDA) and the European 

Medicines Agency (EMA), have adopted the Quality-by-Design (QbD) paradigm. QbD, 

introduced by the ICH Q8 guidance on pharmaceutical development (ICH, 2009), advocates 

science-based process development and emphasizes assurance of quality through the 

implementation of robust manufacturing processes. (L. X. Yu, 2008) Despite economic and 

regulatory pressure to enhance robustness and efficiency, innovation in pharmaceutical 

manufacturing has been limited relative to that in other chemical process industries. (P. 

McKenzie et al., 2006) Sequential scale-up of batch processes remains the norm in 

pharmaceutical development. (Reinhardt, 2001) This approach does not yield cost effective 

manufacturing processes, as evidenced by the fact that manufacturing costs consume as much as 

27% of revenue for pharmaceutical companies by some estimates. (Basu et al., 2008)  In addition, 

product quality issues can occur due to incomplete process understanding or lack of robustness 

for batch processes. (Buchholz, 2010; Plumb, 2005)  

Several of the aforementioned issues can be addressed in part through the implementation of 

continuous manufacturing processes. Continuous processing has the potential to reduce capital 

cost, as well as utility requirements, through the use of smaller equipment. (Seifert et al., 2012) 

Continuous processes are also amenable to scale-up via increased throughput or parallelization. 

(Plumb, 2005) As a result fewer scale-up studies are required, thereby expediting process 
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development and decreasing time to market. (Schaber et al., 2011; Shah, 2004) Continuous 

processing also lends itself to on-line process control, thereby enhancing process robustness. 

(Buchholz, 2010; Plumb, 2005)  

1.1.1. Continuous tablet manufacturing processes 

The case studies presented in this work will focus on continuous manufacturing processes for the 

production of pharmaceutical tablets, which are among the most prevalent dosage forms in the 

US market. (Muzzio et al., 2002) The exact sequence of unit operations may change depending 

on the compound being formulated (P. McKenzie et al., 2006), but manufacturing processes for 

continuous tablet production can be classified into three broad categories: direct compaction, 

processes involving wet granulation and processes involving dry granulation. (M. A. Järvinen et 

al., 2012) A general schematic summarizing each of these manufacturing routes is depicted in 

Figure 1. Tableting processes begin with the feeding of raw materials to the process. These 

generally include an active pharmaceutical ingredient (API), excipients and lubricants. In many 

cases the concentration of excipient in the formulation is greater than that of the API or lubricant. 

The material may then be passed through a comill for delumping prior to being blended in a 

continuous mixer. Optionally the blend may be granulated via wet or dry granulation (roller 

compaction). Wet granulation necessitates a granule drying step prior to further processing. For 

processes involving granulation a milling step may be needed to reduce the granule size before 

tableting. (Vervaet & Remon, 2005) In the absence of a granulation step material may proceed 

directly to tableting after blending. 

The case studies in this work will focus primarily on continuous direct compaction, as this is the 

most straightforward route for tablet production.(M. A. Järvinen et al., 2012) However unit 

operations related to dry granulation, such as roller compaction, are also evaluated. The modeling 

and implementation of these unit operations is discussed in greater detail in Chapter 2. 
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Figure 1: Schematic for continuous tablet production via direct compaction, wet granulation and dry 

granulation are summarized 

1.2. Regulatory framework for pharmaceutical process development: Quality by 

Design 

Regulatory guidance for the development and validation of pharmaceutical processes within the 

Quality by Design (QbD) framework has been provided by International Conference on 

Harmonisation of Technical Requirements for Registration of Pharmaceuticals in Human Use 

(ICH). (ICH, 2009) QbD advocates a science-based approach to process development, wherein 

the quality of a pharmaceutical product is ensured through fundamental understanding of the 

relationship between process design and operating conditions and product quality attributes. 

(ICH, 2005a; P. McKenzie et al., 2006; L. X. Yu, 2008)  ICH has also developed guidance 

describing best practices for quality risk assessment (Q9) (ICH, 2005a) and the implementation of 

Pharmaceutical Quality Systems (Q10) (ICH, 2005b). These guidelines include a discussion of 

process modeling and other mathematical tools that can be used to develop and understand 

pharmaceutical processes with the goal of achieving quality by design.  
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ICH guidelines emphasize the importance of determining process design space, defined as the 

“multidimensional parametric space within which acceptable quality product is obtained”. 

(Chatterjee, 2008; ICH, 2009) In order to implement a QbD approach it is necessary to have 

quantitative indicators of product quality. These are referred to as critical quality attributes 

(CQAs), which are defined as physical or chemical characteristics that are controlled directly or 

indirectly to ensure product quality. (L. X. Yu, 2008)  CQAs should be correlated in some way 

with acceptable clinical performance of a drug. In the context of tablet manufacturing, potential 

critical quality attributes include tablet hardness, tablet API composition, tablet weight and tablet 

dissolution performance. The design space can be described with respect to specific process 

parameters that affect these critical quality attributes, referred to as critical process parameters 

(CPPs). CPPs are formally defined as process inputs which must be controlled within a specific 

range in order to ensure product quality. (ICH, 2009) Generally these include raw material 

properties, process design parameters, and operating conditions that significantly affect product 

quality when varied within the ranges anticipated during normal process operation. (L. X. Yu, 

2008)  Identifying critical process parameters is an important aspect of quality risk assessment. 

(ICH, 2005a) 

The quality by design approach to pharmaceutical process development has important regulatory 

and financial implications.  Under the previously implemented quality by testing approach, the 

effect of processing conditions on product quality was not always well understood. As a result, 

conservative quality specifications could be set, potentially causing clinically acceptable 

materials to be discarded. (L. X. Yu, 2008) It is also difficult to implement strategies for robust 

process design and control in a quality by testing environment. (Degerman et al., 2009) The 

understanding of design space developed through a QbD approach can create opportunities for 

more robust process implementation. Conditions can be adjusted within the design space to 

compensate for disturbances and to achieve optimal process performance from both a quality and 

cost perspective. (Leopore & Spavins, 2008) It is beneficial to develop processes that have a 
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relatively large design space, as this facilitates a greater deal of operational flexibility. It can also 

avoid the need to seek further regulatory approval related to changes in a filed manufacturing 

process. (FDA, 1995, 1997a, 1997b; Peterson, 2008) A comprehensive understanding of critical 

quality attributes, critical process parameters and design space is necessary to achieve quality by 

design and can save both time and money in the development of pharmaceutical products. (L. X. 

Yu, 2008) 

1.3. Process systems engineering tools for pharmaceutical process development 

For both economic and regulatory reasons it is necessary for pharmaceutical manufacturing 

processes to be robust, efficient and sufficiently understood to ensure product quality. Process 

systems engineering (PSE) tools can play an important role in developing such processes. (K. V. 

Gernaey et al., 2012) In the context of this work, process systems engineering will refer to 

mathematical techniques for process modeling, analysis and optimization. PSE concepts such as 

equation-oriented process simulation (Tolsma et al., 2002), flexibility analysis (Morari, 1983; 

Swaney & Grossmann, 1985a), and constrained global optimization (Floudas et al., 2001) have 

long been used in other industries to design resilient, cost effective manufacturing processes. 

(Bahri et al., 1997; I. E. Grossmann, 1996; Saboo & Morari, 1984) The pharmaceutical industry 

has lagged behind other industries in the widespread implementation of these tools. (P. McKenzie 

et al., 2006; Troup & Georgakis, 2013) This can be attributed in part to the difficulties associated 

with modeling pharmaceutical processes, particularly the solids-based processes associated with 

the manufacture of drug product. (Muir Wood, 2008; Muzzio et al., 2002) Fortunately recent 

advances in solids-based process modeling, which are discussed in Chapter 2, have made it 

possible to apply concepts from process systems engineering to pharmaceutical manufacturing 

processes.  

Process systems engineering tools can be used to enhance and expedite process development in 

ways that are consistent with the quality by design philosophy. For instance, process modeling 
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can supplement experimental studies during process design and scale-up. Integrated flowsheet 

models can be used to evaluate design alternatives and identify robust control architectures. 

(Schaber et al., 2011; Singh et al., 2012)  These models can also be used for sensitivity analysis. 

(F. Boukouvala et al., 2012; Saltelli, Tarantola, et al., 2000) The results of sensitivity analysis can 

inform quality risk assessment, as sensitivity metrics can identify potential critical process 

parameters. Sensitivity analysis can also be used to develop control strategies for product quality 

attributes by indicating the process operating conditions that most significantly influence quality. 

(F. Boukouvala et al., 2010a; Rogers et al., 2014) The concept of feasibility analysis can be 

applied to pharmaceutical process models to aid in the determination of design space. (F. 

Boukouvala & M. G. Ierapetritou, 2012; F. Boukouvala et al., 2010a) Feasibility and flexibility 

analysis can also be incorporated to algorithms for process design under uncertainty. These 

algorithms can be used to suggest process design alternatives that are robust and cost effective. 

(Pistikopoulos & Ierapetritou, 1995) Table 1 summarizes concepts from process systems 

engineering and the potential role they can play in pharmaceutical process development.  

Table 1: Summary of concepts from process systems engineering and their potential applications in 

the context of pharmaceutical process development. 

PSE concept Process development applications 

Integrated process modeling 

(flowsheet modeling) 

Expedite scale-up 

Compare design alternatives 

Develop and evaluate control strategies 

Reduced-order modeling 

Efficient process simulation 

Improved accuracy in flowsheet models 

Model-predictive control 

Sensitivity analysis 
Identify CPPs 

Develop and evaluate control strategies 

Feasibility analysis Evaluate design space 

Flexibility analysis/ optimal 

design under uncertainty 

Quantify process robustness 

Compare design alternatives 

Select robust and cost effective process design 
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1.4. Motivation: development and implementation of mathematical tools for 

pharmaceutical process development 

Despite the many potential applications for process systems engineering concepts in the 

development of pharmaceutical manufacturing processes, modeling and optimization tools are 

underutilized in the industry. (K. V. Gernaey et al., 2012; P. McKenzie et al., 2006) This is due in 

part to the difficulties associated with modeling pharmaceutical processes (Muzzio et al., 2002) 

and to the unique challenges presented by optimizing complex and dynamic process models. 

(Biegler, 2007; Rios & Sahinidis, 2012) The objective of this dissertation is to develop and 

demonstrate mathematical tools that will allow process systems engineering concepts to be 

applied to pharmaceutical manufacturing processes. An emphasis will be placed on methods that 

can be used to model, evaluate and optimize drug product manufacturing processes. These 

include, but are not limited to, reduced-order modeling, sensitivity analysis, and process 

feasibility and flexibility analysis techniques. Each of these methods will be discussed in the 

context quality by design and demonstrated using case studies related to continuous solids-based 

manufacturing processes.  

1.5. Outline of dissertation 

Each of the five main chapters in this dissertation will emphasize a specific concept or tool from 

process systems engineering and its role in the development of robust pharmaceutical 

manufacturing processes. Chapter 2 will introduce some of the basic modeling techniques and 

mathematical models used in this work. These include unit operation models for solids-based 

processes. The concept of integrated process modeling, or flowsheet modeling, will also be 

introduced in this chapter. Chapter 3 will describe methods for reduced-order modeling, which 

have applications in process simulation and optimization. The use of reduced-order models to 

bridge the gap between high-fidelity process simulations and more computationally efficient 

flowsheet models will be demonstrated in this chapter. Chapter 4 will focus on the use of 
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sensitivity analysis, which has potential applications in the identification of critical process 

parameters and development of control strategies for pharmaceutical processes. Several 

sensitivity analysis techniques will be introduced and these will be applied to a continuous tablet 

manufacturing process. In Chapter 5, the concept of feasibility analysis will be discussed in the 

context of design space development. A novel method for surrogate-based feasibility analysis of 

both steady state and dynamic processes will be introduced. This method will be illustrated with a 

number of case studies, including a roller compaction process. Chapter 6 will focus on flexibility 

analysis and process design under uncertainty, which can be used to select process design 

alternatives that are both robust and cost effective. A novel method for surrogate-based flexibility 

analysis will be introduced. This method will be applied to a number of case studies, including a 

continuous feeding and blending process. Finally Chapter 7 will summarize major conclusions 

and also discuss directions for future work in the area of process systems engineering for 

pharmaceutical applications. 
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Chapter 2 

2. Integrated modeling for solids-based processes 

The development of process models is critical to the use of process systems engineering tools 

such as sensitivity analysis and optimal design under uncertainty. (F. Boukouvala & Ierapetritou, 

2013) Integrated process models, which describe the sequence of unit operations in a 

manufacturing process, have many potential applications in the context of pharmaceutical process 

development. Simulation results can supplement experimental studies and reduce the 

experimental burden associated with process development and scale-up. (K. V. Gernaey, Cervera-

Padrell, C., Woodley, J.M., 2012) Models can be used to explore process design space (F. 

Boukouvala & M. G. Ierapetritou, 2012), conduct sensitivity and uncertainty analysis (F. 

Boukouvala et al., 2012; Rogers et al., 2014), and evaluate control strategies for continuous 

processes (Ramachandran et al., 2011; Singh et al., 2013). Several of these applications will be 

discussed in greater detail in Chapters 4 through 6. In this chapter, several methods used to model 

solids-based processes in the pharmaceutical industry are introduced and mathematical models 

for pharmaceutical unit operations are described. In addition, the use of integrated process 

modeling, or flowsheet modeling, for pharmaceutical applications is discussed 

2.1. Modeling solids-based processes 

Solids-based processes can be challenging to model because the bulk behavior of particulate 

flows is influenced by particle level phenomena.  This is known as the continuum duality of 

particulate materials, and it makes it difficult to develop constitutive models describing the 

response of granular flows to applied stresses and strains (Muir Wood, 2008). A variety of 

modeling techniques have been developed that address the influence of particle-level phenomena 

on bulk behavior in varying degrees of detail. These are summarized in Figure 2, in which 

methods are arranged according to the level of detail with which they represent the particulate 

nature of granular flows. These methods are briefly introduced in this section, with the exception 
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of reduced-order models which are described in greater detail in Chapter 3. Specific applications 

of these methods for modeling pharmaceutical unit operations are described in section 2.2. 

 

Figure 2: Modeling approaches for solids-based processes 

Discrete Element Method (DEM) 

One way of addressing the issue of continuum duality is to explicitly consider particle-level 

phenomena, as in discrete element method (DEM) models. In DEM simulations, Newton’s 

equations of motion are evaluated for all particles in a system, considering all particle-particle 

and particle-geometry interactions. (Zhu et al., 2008) Particle level phenomena such as 

dispersion, segregation, particle packing and bed densification can be accurately represented 

using DEM. (Zhu et al., 2008) DEM has therefore been used to model a variety of 

pharmaceutically relevant operations including powder conveying, granular mixing, powder flow 

into dies and compaction of powders into tablets. (Ketterhagen et al., 2009)  However, DEM 

simulations have a number of drawbacks, the most significant being their computational cost. 
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Particle-level calculations tend to be computationally expensive, as the number of equations to be 

solved at each time step scales with the number of particles in the simulation. For this reason it 

may not be practical to implement DEM simulations in applications requiring multiple model 

evaluations or rapid simulation. However, information from DEM models can be incorporated 

into flowsheet simulations through the use of certain types of reduced-order models, which will 

be discussed in Chapter 3. DEM simulations also require information about particle-level 

properties including friction coefficients and coefficients of restitution for interparticle and 

particle-geometry interactions. These cannot be directly measured for many pharmaceutically 

relevant solids and therefore need to be estimated using indirect methods. (Ketterhagen et al., 

2009)  

Population Balance Models 

Population balance models (PBM) consider the evolution of a population of particles over time 

with respect to internal and external coordinates. Internal coordinates include particle-level 

properties like size (length, volume or mass) and composition (liquid, solid and vapor content). 

External coordinates describe location with respect to the process geometry, like axial or radial 

position within a continuous blender. While not as detailed as DEM, PBM models can represent 

distributed properties such as particle/granule size, moisture content or active ingredient 

composition. PBM can represent size-dependent phenomena, and are often used to model 

processes involving size change like granulation and milling. PBM may also be used to model 

distributed composition processes like continuous mixing and drying. (K. V. Gernaey et al., 2012) 

While not as computationally expensive as DEM, solving PBM can be numerically intensive for 

higher-order models like those representing wet granulation processes. Hierarchal solution 

strategies and order-reduction techniques can be used to expedite the solution of PBM in these 

cases. (Barasso & Ramachandran, 2012) 

Residence Time Distribution 
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The concept of residence time distribution (RTD), introduced in the 1950s (Danckwerts, 1953), 

describes the notion that in continuous flow systems it is not entirely accurate to assume plug 

flow behavior.  In fact some portions of the flow (particles or fluid elements) will remain in the 

system longer than others due to differences in their velocities. For granular flow processes, this 

implies that a collection of particles entering a system at the same time will exit the system at a 

variety of different times, distributed around some mean residence time. This collection of 

different residence times can be thought of as the residence time distribution. The residence time 

distribution in a continuous flow system can be determined experimentally via tracer pulse 

experiments (Danckwerts, 1953; P. M. Portillo et al., 2008; Vanarase & Muzzio, 2011).  

RTD approaches can be applied to model continuous powder blending processes.(Gao, Vanarase, 

et al., 2011; Marikh et al., 2006; Pernenkil & Cooney, 2006; P. M. Portillo et al., 2008) Many 

studies to date have focused on the use of experimentally obtained residence time distributions to 

characterize mixing processes.(P. M. Portillo et al., 2008; Vanarase & Muzzio, 2011) However 

RTD models can also be used to predictively model powder blending processes. For instance, 

Marikh et al. (Marikh et al., 2006) have reported the use of a Markov chain model to simulate the 

residence time distribution in a continuous powder mixer. Process parameters like powder flow 

rate and blender rotation rate are related to the parameters of the RTD model via a correlation 

with the steady state powder holdup (Marikh et al., 2006). Gao et al. (Gao, Vanarase, et al., 2011) 

have implemented an RTD model based on experimentally determined parameters including the 

Peclet number and the mean residence time for the blender. The relative standard deviation 

(RSD) is then determined based on the fluctuations in the RTD via an empirically estimated 

dimensionless coefficient (Gao, Vanarase, et al., 2011).  An RTD model developed using velocity 

information obtained from a DEM simulation is implemented in the flowsheet model described in 

Chapter 3. 

Semi-empirical Models 
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Although constitutive models for particulate processes are not widely available, semi-empirical 

models have been developed for a number of pharmaceutical processes. These models combine 

equations developed based on fundamental process understanding with empirical parameters that 

can calibrate the model for a specific combination of material and equipment. These parameters 

are estimated using experimental data collected from the process of interest. (Kremer & Hancock, 

2006) Examples of such models include Johanson’s theory of rolling granular solids (Johanson, 

1965), which has been used to describe roller compaction processes. In addition, tableting 

processes can be described by the Heckel (Heckel, 1961a, 1961b) or Kawakita (Kawakita et al., 

1977; Kawakita & Lüdde, 1971) compression equations. These are semi-empirical relations 

describing the pressure-density relationship in powder compaction processes. Semi-empirical 

models for a number of unit operations are described in detail in section 2.2. 

2.2. Unit operation models 

The case studies presented in this work will focus primarily on direct compaction processes for 

continuous tablet manufacture, as direct compaction is the most straightforward route for the 

production of tablets. (M. A. Järvinen et al., 2012) Case studies based on roller compaction, 

which is used in dry granulation processes, are also presented. In this section the various unit 

operations involved in direct compaction and roller compaction processes are briefly described 

and the mathematical models used to represent them are introduced.  

Loss-in-weight Feeder 

Accurate powder feeding is critical for pharmaceutical processes, particularly for active 

pharmaceutical ingredients (API), in order to ensure content uniformity.  Loss-in-weight (LIW) 

feeders can provide the required accuracy for these processes, even when low flow rates are 

required as is sometimes the case for APIs and lubricants. (W. E. Engisch & Muzzio, 2012; Yang 

& Evans, 2007) LIW feeders typically consist of a feed hopper into which powders are charged 

and a conveying mechanism such as a screw. Some feeders also contain an agitator at the base of 
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the feed hopper in order to convey powder into the screw region. LIW feeders contain a load cell 

that is integrated with a gravimetric controller which can be operated in closed-loop control to 

provide a user-specified mass flow rate of powder. Optionally, a discharge screen can be included 

at the exit of the feeder to break up any static lumps. Tooling for a feeder (screws, discharge 

screens) should be selected based on the powder properties of the material to be fed and the 

desired flow rate. Engisch and Muzzio (W. E. Engisch & Muzzio, 2012) have described a method 

that can be used to characterize LIW feeders and help determine appropriate tooling for a 

particular application.  

The key operating parameter of interest for loss in weight feeders is the screw speed, which 

dictates the powder flow rate. Loss-in-weight feeders are typically operated in closed loop 

control, where a controller manipulates the screw speed to achieve the desired flow rate set point. 

This means that the screw speed may vary depending on the hopper fill level, typically increasing 

as the hopper empties in order to achieve a constant mass flow rate. (Berthiaux et al., 2008) 

During hopper refilling, feeders must switch to volumetric operation. As a result disturbances in 

feed rate are often observed when LIW feeders are refilled.(W.E. Engisch & Muzzio, 2010) 

Loss-in-weight feeders can be model using a transfer function relating powder feed rate to the 

feeder screw speed (ωf), as shown in equation (1). The dynamic response of the feeder to a 

change in set point can be accounted for through the time constant τf. The delay differential 

equation (2) is used to represent the mean residence time in the feeder, which is indicated by the 

time delay factor θd
f. The model parameters including the process gain kg

f, time constant τf and a 

time delay factor θd
f can be estimated based on data collected from step change experiments, 

wherein the feed rate set point is changed and the corresponding change in the total flow rate is 

monitored over time. (F. Boukouvala et al., 2012)  

In practice LIW feeders exhibit periodic high-frequency noise due to the nature of the screw 

conveying mechanism. A noise term v is included in the model to account for this effect, as 

shown in equation (3). This term is sampled from a uniform distribution once per second. The 
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bounds on this distribution may be set to as much as five percent of the target mass flow rate, 

which is consistent with the noise levels observed in commercial LIW feeding applications. (W. 

E. Engisch & Muzzio, 2012) Both closed and open-loop implementations of the loss in weight 

feeder are considered in the current work. In prior simulation studies (F. Boukouvala, Chaudhury, 

et al., 2013; F. Boukouvala et al., 2012) open-loop implementations have been used, in which the 

user manually sets the screw speed (ωf) to achieve the desired flow rate. Closed-loop 

implementations in which the screw speed is set by a ratio controller have also been 

demonstrated. (Singh et al., 2012, 2013) In the current work a closed-loop implementation is 

used. The user specifies a desired flow rate set point (yd) and the corresponding screw speed is 

determined by the model based on the feeder gain. 
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For the purposes of this model, material bulk density and particle size are assumed to be constant 

throughout the feeder. This assumption has been experimentally verified for common 

pharmaceutical powders like microcrystalline cellulose, magnesium stearate and acetaminophen. 

(F. Boukouvala et al., 2012) However during hopper refill it is possible for changes in bulk 

density to occur for the powder in the feed hopper, contributing to feed rate disturbances. The 

effect of powder densification during refill on a continuous feeding and blending process is 

considered in Chapter 6. 

Continuous Blender 
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The goal of a blending process is to reduce spatial and, for continuous systems, temporal 

variations in mixture composition. A well-designed continuous mixer should produce uniform 

blends with active ingredient compositions consistent with the desired drug loading for the 

process. Continuous convective mixers, which have been studied extensively for pharmaceutical 

mixing processes, are considered in this work. (P.M. Portillo et al., 2009; Sarkar & Wassgren, 

2009; Vanarase & Muzzio, 2011) In these mixers, the primary mixing mechanism is convective 

mixing induced by rotating blades. Therefore design parameters related to the agitator size, 

configuration and geometry can significantly influence mixing performance, as can the vessel 

geometry (length and diameter). Operating parameters including the rotation rate of the agitator 

and the powder flow rate, also play an important role in continuous blending operations. 

(Vanarase & Muzzio, 2011)  

One common metric used to describe homogeneity of a blend is the relative standard deviation 

(RSD), which describes the variability in the mixer outlet composition over space and/or time. 

(Pernenkil & Cooney, 2006) RSD is calculated as shown in equation (4), where N is the number 

of samples taken to measure the RSD, Ci is the API composition of an individual sample and C  

is the average API composition over all N samples. For a continuous blending process RSD can 

be determined experimentally from concentration data at the outlet of the mixer. Mixture 

composition can be measured using process analytical technology (PAT) tools like near infrared 

(NIR) spectroscopy. (Vanarase et al., 2010) Throughout this dissertation, the RSD and the mean 

concentration of API at the outlet of the mixer are used to characterize blending performance in 

process simulations. 
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Continuous blenders can be modeled using a variety of approaches including DEM simulations 

(Dubey et al., 2011), population balance models (F. Boukouvala, Dubey, A., Vanarase, A., 

Ramachandran, R., Muzzio, F.J., Ierapetritou, M., 2012), hybrid models combining DEM and 

PBM (M. Sen, Dubey, et al., 2013) and residence time distribution (RTD) models(Gao, Vanarase, 

et al., 2011). In this work both PBM and RTD models are used to represent continuous blending 

processes.  

A continuous blending process can be modeled using a multidimensional population balance 

model like the one shown in equation (5). In this model n is an index that indicates an individual 

component in the mixture, z1 and z2 are external (axial and transverse) spatial coordinates that 

indicate position in the blender and r is an internal coordinate that describes the particle size. In 

the case of a mixing process, the formation and depletion terms on the right hand side of the 

population balance refer to material entering or leaving different axial and radial segments of the 

blender due to powder movement. This PBM model can be informed by powder velocity 

information obtained directly from a DEM simulation (M. Sen, Dubey, et al., 2013) or from a 

reduced-order model (F. Boukouvala, Gao, et al., 2013; Rogers & Ierapetritou, 2014). Reduced-

order models based on DEM data will be described in greater detail in Chapter 3.  
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The properties of materials exiting the mixer are estimated based on a linear mixing rule relating 

individual component concentrations and raw material properties to bulk stream properties, as 

shown in equation (6). In this equation x indicates a material property such as mean particle size 

or bulk density and xn denotes the pure component property for component n. All streams 
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following the mixer are treated as single entities with bulk properties which propagate to 

subsequent unit operations. 

The RTD model for continuous blenders used in this dissertation is based on a reduced-order 

method and is therefore described in Chapter 3. 

Hopper 

Hoppers are ubiquitous in solids processing as a means of primary or intermediate storage and of 

conveying particulate materials gravimetrically. In tablet manufacturing process hoppers are often 

associated with other equipment like feeders or a tablet press. It is desirable for hoppers to 

operate in the mass-flow regime, providing steady and consistent flow. Hopper geometry, 

including its shape (wedge or cone), outlet diameter and wall angle can be selected to ensure 

operation in this regime. Inserts may also be added to the flow path in a hopper in order to 

address problems like arching and bridging. (Gremaud et al., 2006; Weir, 2004) In continuous 

processes it is important to monitor the holdup in hoppers to avoid overfilling or, in the case of 

feed hoppers, to avoid running empty during continuous production.  

Flow and holdup in a hopper can be modeled using a straightforward mass balance, as shown in 

equations (7)-(8). It is assumed that the hopper is operating in the mass-flow regime and that 

stream properties, including API concentration, particle size distribution and material bulk 

density, are constant throughout the hopper. Thus the streams exiting the hopper have the same 

properties as those entering it, albeit with a time delay indicated by the mean residence time in the 

hopper θrt. This is shown in equation (9), where x can be any stream property. 

in out

dm
m m

dt
            (7) 

 ( ) bulkm t H t A           (8) 

( , ) ( , )

. . ( , 0) ( )

out out
rt

out out

x t z x t z

t z

I C x t z x t


 

 
 

 

         (9) 



19 

 

 

For the relatively small hoppers typically associated with tablet presses in continuous 

pharmaceutical processes this assumption is reasonable. However for highly compressible 

materials or for large feed hoppers this assumption may need to be reevaluated. In Chapter 6 a 

case study is described in which densification of powder in feed hoppers and its effect on 

subsequent processing is considered. 

Tablet Press 

A tablet press contains several components integrated as a single processing unit. A hopper 

collects material to be conveyed into the tablet press. This material is fed into a series of dies 

using a feed frame. The shape of the die and depth of the die cavity determine the shape and size 

of the resulting tablet. Material within the dies is compressed by a punch, to form a hard compact 

or tablet. The dies move continuously, guided by cam tracks, so that they can be filled, 

compacted, and discharged in sequence. (M. A. Järvinen et al., 2012)  

Tablet presses may differ in terms of their feed frames, number of compression stages, and 

selected tooling. Often the tooling, which includes the die and punch size and geometry, can be 

changed according to the desired tablet weight and shape. The die can be filled via force feeding 

or suction filling. (Jackson et al., 2007) The quality attributes of interest for a tablet include active 

ingredient content, content uniformity, weight variability, and physical properties such as 

friability, hardness and dissolution performance. For some products drug content can be measured 

nondestructively using near infrared (NIR) spectroscopy. (Corredor et al., 2011) Hardness, 

friability and dissolution must be measured offline using destructive techniques. However models 

may be used to predict hardness and dissolution performance based on operating conditions or 

spectroscopic measurements. (Gentis & Betz, 2012; M. Kuentz, Lunenberger, H., 2000) The 

quality attributes of tablets are influenced by a number of operating parameters, including the 

powder feed rate and the compression force applied to the tablets as well as the rate of tablet 

production. Tableting speed and powder feed rate can affect tablet weight and weight variability. 
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Compression force influences tablet hardness and porosity, which can in turn affect dissolution. 

(Wu et al., 2005) 

The tablet press feed frame can be modeled as a time delay, similar to the hopper. The mean 

residence time in the feed frame is calculated using a response surface model of the form shown 

in equation (10), where the model parameters are estimated using data reported in the literature 

(Mendez et al., 2010). The feed frame residence time influences the propagation of stream 

properties in the same way that the mean residence time in the hopper does. Thus the feed frame 

can be modeled as shown in equation (9), but in this case the residence time is indicated by RTff 

rather than θrt. 

1 2 3 4

ff disk ff disc ffRT b b u b u b u u            (10) 

The full tablet press model implemented in the current work consists of a system of 23 equations 

and has been previously described in the literature (Singh et al., 2010). Therefore not all of the 

model equations will be presented here, only a subset related to tablet quality attributes. The 

compression behavior of the powder in the die is described by the Kawakita compression 

equation, shown in equation (11). (Kawakita et al., 1977; Kawakita & Lüdde, 1971) In this 

equation C_P and C_F represent the compression pressure and the compression force 

respectively, while V0 and Vf represent the powder volumes in the die before and after 

compression. ɛ0 is the porosity of the material prior to compression and b is the Kawakita 

parameter, which can be determined empirically for a specific powder blend.  
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Tablet hardness is modeled using the approach described in Kuentz and Leuenberger (M. L. 

Kuentz, H., 2000). The tablet hardness is a function of the relative density (ρr) of the final 

compact as well as the empirically determined critical relative density (ρrc) for the given powder 
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blend. The model also includes an empirically determined maximum hardness term (Hmax), 

corresponding to the tablet hardness at the critical relative density. The empirical model for tablet 

hardness is shown in equation (12). 
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Roller Compactor 

Roller compactors are used in dry granulation processes for continuous tablet manufacture. In dry 

granulation, granules are formed through compression rather than through the addition of a liquid 

binder as in wet granulation. Powders with good flowability and compressibility tend to be better 

candidates for roller compaction. (Lecompte et al., 2005; S. Yu et al., 2012) Dry granulation can 

be less forgiving than wet granulation, so it may be more challenging to develop a dry granulation 

process. However, dry granulation does not require a granule drying step and therefore has 

shorter processing time and lower capital investment and utility costs than wet granulation. 

(Kleinebudde, 2004) Roller compaction can also be used for moisture-sensitive APIs, which are 

not amenable to wet granulation. (Faldu et al., 2012; Vervaet & Remon, 2005)  

Roller compaction creates ribbons of compacted powder which can subsequently be milled to 

provide granules. (Faldu et al., 2012) These ribbons are created when powder is compressed 

between a set of counter rotating rolls. The ribbon is then conveyed forward and released from 

the rolls. Powder fed to the rolls is initially in the slip region, wherein particles slip at the surface 

of the rolls and relatively little pressure is exerted on the powder. As the powder approaches the 

point where the rolls are closest together, the wall velocity of the powder matches that of the rolls 

and the pressure exerted on the powder increases substantially. The powder is compacted into a 

ribbon in at this point, in what is known as the nip region. The transition between the slip and nip 

(no-slip) regions is characterized by the nip angle, α. (Reynolds et al., 2010) The ribbon enters the 

release region once the roll gap begins to increase again. (Bindhumadhavan et al., 2005)  
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The behavior of powders in a roller compaction process can be described by the rolling theory of 

granular solids, proposed by Johanson (Johanson, 1965). This model makes several simplifying 

assumptions, including isotropic, cohesive material, no-slip between the powder and the roll 

surface in the nip region (the material is frictional) and that the ribbon thickness is exactly equal 

to the roll gap. (Hsu et al., 2010b) These assumptions are reasonable for gravity fed roller 

compacters with smooth rollers of relatively large diameter (>500 mm) and for powders with a 

high enough friction coefficient that the no-slip condition holds. In these cases this model agrees 

well with experimental data (Dec et al., 2003) and has been shown to accurately predict pressure 

profiles in the nip region of a roller compacter (Bindhumadhavan et al., 2005). Required 

parameters for Johanson’s model include effective angle of internal friction and angle of friction, 

which can be found experimentally. In addition the relationship between pressure and density for 

the powder of interest must be determined empirically. This can be accomplished using a punch-

die system similar to that found in a tablet press.  

In this dissertation the dynamic Johanson’s model introduced by Hsu et al.(Hsu et al., 2010b) is 

used to model roller compaction processes. This model consists of a system of differential and 

algebraic equations shown in equations (13) -(15). Equation (13) describes the change in the roll 

gap, and thereby the ribbon thickness, due to changes in the powder feed rate. Equation (14) can 

be used to calculate the pressure required to densify the powder between the rolls in the nip 

region. The density of the ribbon can be determined using the empirical correlation in equation 

(15). This relates the stress profile in the nip region to the ribbon density via two empirical 

parameters C1 and K, which are functions of the material properties. The controller dynamics are 

described by equation (16), which can be used to determine the response of the controllers to a 

change in set point over time based on the time constants τ. (Hsu et al., 2010b) The dynamic 

roller compaction model is discussed in greater detail in Chapter 5, in which it is used to evaluate 

the feasible operating region for a roller compaction process.  
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2.3. Integrated flowsheet modeling 

Individual unit operation models like those described in the previous section can be connected 

sequentially in process simulation environments like gPROMSTM ModelBuilder or Aspen Plus®. 

Process simulation software facilitates dynamic simulation of blocks of equations, in which each 

block corresponds to an individual unit operation. Blocks may be connected in such a way that 

variables are passed between them, mimicking the transfer of material from one unit to another in 

a manufacturing process. Modern flowsheeting environments are equipped with robust dynamic 

solvers that can readily resolve complex process models containing tens of thousands of 

differential, algebraic and integral equations. (Tolsma et al., 2002) However it is still important to 

ensure that these problems are well posed. In the case of continuous process models this means 

that, among other things, valid initial conditions must be provided for all differential equations 

and that the information transferred from one block to another must contain valid operating 

conditions for both systems of equations.  

While flowsheet modeling has long been established for petrochemical and other fluid-based 

processes, its use for solids-based applications is a relatively recent development. Several 
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publications have described the use of flowsheet modeling tools to represent continuous tablet 

manufacturing processes (F. Boukouvala, Chaudhury, et al., 2013; F. Boukouvala et al., 2012; M. 

Sen, Chaudhury, et al., 2013)  as well as integrated upstream and downstream pharmaceutical 

processes, which incorporate both wet chemistry and solids-handling applications (Benyahia et 

al., 2012; Lakerveld et al., 2013; Schaber et al., 2011; M. Sen, Rogers, et al., 2013).  

Commercially available flowsheet modeling environments now include model libraries 

specifically focused on solids-based processes. For instance, gPROMSTM by Process Systems 

Enterprise Ltd. has introduced gSOLIDSTM, which contains unit operations models for milling, 

granulation, powder blending and tablet compaction (Gavi & Reynolds, 2014). Aspen Plus® by 

Aspen Technology Inc. also contains solids-handling unit operation models such as granulation 

and fluidized bed drying (Dyment et al., 2013). Both gPROMSTM and Aspen Plus® also offer 

custom modeling environments wherein users can specify their own process models using 

differential, algebraic and integral equations (PSE, 2012; Tremblay & Peers, 2014). 

In this work the gPROMSTM ModelBuilder’s custom modeling environment is used to implement 

flowsheet models for continuous blending and tablet manufacturing processes. Within this 

environment it is possible to combine the models described in section 2.2 with reduced-order 

models, like those which will be described in Chapter 3. Specific flowsheet simulations will be 

presented within the chapters where they are implemented. In Chapter 3 a model for a continuous 

feeding and blending process is discussed. This model incorporates unit operation models 

described in section 2.2 as well as reduced-order models described in Chapter 3. In Chapter 4 a 

continuous direct compaction flowsheet model is presented and used to conduct a process 

sensitivity analysis. 
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Chapter 3 

3. Reduced-order modeling for solids-based processes 

The term reduced-order model (ROM) can refer to any model that is lower in dimensionality or 

cost than the original process it is intended to approximate. (Shvartsman et al., 2000) There are a 

number of reasons to employ ROM in pharmaceutical modeling applications. To begin with, 

reduced-order models may be the only models available in some instances. The level of 

fundamental process understanding for many solids-based processes is limited, particularly for 

continuous pharmaceutical manufacturing applications as this technology is still being developed. 

(Plumb, 2005) Therefore it may necessary to use data-based or reduced-order models to describe 

processes for which first principles understanding is incomplete. Reduced-order models can also 

be used to bridge the gap between high fidelity simulations (e.g. DEM) and flowsheet models, 

which generally evaluate much faster than DEM simulations.(F. Boukouvala, Gao, et al., 2013; 

Rogers & Ierapetritou, 2014) Because reduced-order models tend to be computationally 

inexpensive, they can be used for applications requiring rapid or repeated model evaluation, like 

model predictive control(Ramachandran et al., 2011) or optimization (F. Boukouvala & 

Ierapetritou, 2013). 

In this dissertation, reduced-order models will be used to approximate computationally expensive 

models like DEM simulations or flowsheet simulations. Reduced-order models based on data 

from DEM simulations will be used to incorporate distributed parameter information, like particle 

velocity trajectories, into a flowsheet simulation without incurring the computational cost of 

DEM. Surrogate representations of flowsheet models will be used for feasibility analysis and 

optimization applications.  In this chapter the reduced-order modeling techniques used throughout 

this dissertation are introduced. These include latent variable methods, response surface 

techniques and hybrid approaches that combine the dimensionality reduction of latent variable 

methods with the black-box modeling capabilities of response surface methods. 
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3.1.1. Latent variable models 

Multivariate regression methods, including those based on latent variables, have been used 

extensively in pharmaceutical applications to identify and model relationships between material 

properties and process performance. (Gabrielsson et al., 2012; Garcia-Munoz, 2014; García-

Muñoz & Polizzi, 2012; Haware et al., 2009) Latent variable methods like principal component 

analysis (PCA) and partial least squares regression (PLS) are well-suited to these types of 

problems, as they can identify underlying correlation structure in multivariate datasets. (Timm, 

2002) Distributed parameter information obtained from discrete element (DEM) simulations 

tends to contain correlated data as well. The correlated nature of this data can be exploited to 

express high dimensional datasets from DEM in lower dimensional space without significant loss 

of information. (Liberge & Hamdouni, 2010; Lieu et al., 2006)  

Principal component analysis (PCA) involves the projection of a dataset (X) into a reduced space 

on a set of orthogonal axes. The objective of this transformation is to identify an orthogonal basis 

that optimally represents the variance in the original process data using a limited number of 

variables. (Burnham et al., 1999; López-Negrete de la Fuente et al., 2010) The results of PCA can 

be expressed in terms of the transformed variables, or scores (T), and a corresponding matrix of 

loadings (P) as shown in equation (17). (Wold et al., 2001) The principal component scores 

represent the original variables projected into latent space. These transformed variables are 

obtained by multiplying the original variables with the principal component loadings. The 

dimensionality of the scores and loadings matrices depends on the number of principal 

components in the model (α), which must be less than or equal to the number of factors in the 

original dataset. The original data matrix (X) can be approximated based on the scores and 

loadings as shown in equation (17), where ε is a matrix of residuals. (Timm, 2002; Westerhuis et 

al., 1998) 

'X TP             (17) 
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A number of algorithms are available to determine the principal component scores and loadings. 

The selection of an appropriate algorithm depends in part on the nature of the dataset X. Singular 

value decomposition is the most straightforward approach and is used in the current work.(Lang 

et al., 2009) However alternative algorithms like expectation-maximization PCA (EM-

PCA)(Roweis, 1998) and a nonlinear programming approach (NLP-PCA)(López-Negrete de la 

Fuente et al., 2010) may be preferred in applications where X has missing elements.    

3.1.2. Response surface models 

Latent variable methods often rely on linear transformations and therefore may not be ideal for 

modeling nonlinear processes. Response surface techniques can be used to model processes with 

varying degrees of nonlinearity by expressing input-response relationships in the form of a 

multivariate response surface. The ability of response surface techniques to accommodate 

nonlinear and dynamic process data has proven useful in modeling a variety of pharmaceutical 

processes including loss-in-weight feeding, continuous mixing and roller compaction. (F. 

Boukouvala et al., 2010b, 2011) The form of a response surface can be simple or complex 

depending on the technique used to create the mapping. Response surface techniques include 

response surface methodology(Box & Wilson, 1951), high dimensional model representation 

(HDMR) (G. Li et al., 2001), artificial neural networks (ANN) (Basheer & Hajmeer, 2000) and 

kriging (Krige, 1951).  

The selection of a reduced-order modeling method should be made based on the type and quality 

of data available and the intended purpose of the model. Response surface methodology (RSM) 

and high-dimensional model representation (HDMR) have the advantage of providing some 

insight into the relative importance of factors in a process model. For instance, model coefficients 

from HDMR may be used to carry out variance-based sensitivity analysis on a process. (Ziehn & 

Tomlin, 2008, 2009) Model parameters in artificial neural networks and kriging are selected to 

optimally fit the training data for the model and may not be interpretable in terms of the effect of 
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individual factors on process performance.  However these methods can effectively model highly 

nonlinear and dynamic processes. (Basheer & Hajmeer, 2000; Kleijnen, 2009) Recent works 

comparing reduced-order modeling techniques for pharmaceutical manufacturing applications 

have identified kriging as a method that performs well relative to other reduced-order modeling 

approaches. (F. Boukouvala et al., 2010a, 2010b, 2011) Kriging-based reduced order models have 

also been shown to perform well in surrogate-based feasibility analysis (F. Boukouvala & M. G. 

Ierapetritou, 2012) and optimization applications (F. Boukouvala & Ierapetritou, 2013; Davis & 

Ierapetritou, 2007).  For these reasons, kriging is the primary response surface technique used in 

the current work and further discussion will focus on this method. HDMR is also used for 

applications related to sensitivity analysis and will be discussed in greater detail in Chapter 4. 

Kriging Methodology 

Originally developed to predict mineral distributions in mining applications (Krige, 1951), 

kriging has recently become popular for a variety of applications due to its ability to model 

nonlinear and dynamic processes. (Kleijnen, 2009) Kriging is a black-box interpolating technique 

in which it is assumed that the process response at a previously untested point can be estimated as 

a weighted sum of function values at nearby points. (Calder & Cressie, 2009; Metheron, 1963) 

This is shown in equation (18), where xk denotes a previously untested point, xi represents a point 

in the set of N previously sampled points, also known as design sites, and wi is the weight 

corresponding to xi. The term εk in equation (18) represents the variance of the kriging predictor at 

xk, which can be estimated based on the process variance at neighboring design sites. Estimation 

of the variance is possible due to the nature of the kriging predictor f̂ , which is assumed to be 

the realization of a Gaussian process F whose current distribution depends on previous function 

evaluations f. The kriging predictor can thus be viewed as the conditional distribution of F at a 

previously untested point. The mean and variance of this distribution can be calculated based on 
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prior knowledge, in this case data collected at previously sampled points f. (Calder & Cressie, 

2009; Kleijnen, 2009)  

1

ˆ ( ) ( )
N

k i i k

i

f x w f x 


           (18) 

Equation (18) can be expressed in terms of a regression model and a correlation model, which are 

used to calculate the mean and the variance of the kriging predictor respectively. This is shown in 

equation (19), where f(xi)
T is a vector of known process responses at the design sites and r(xi)

T is a 

vector of correlations between the response variances at the design sites. 

     ˆ T T

k i if x f x r x            (19) 

The regression model generally takes the form of a polynomial. In the simplest case a zero-order 

regression model is used and the first term in equation (18) is simply the mean process response. 

(Kleijnen, 2009) In the current work regression models that are either zero, first or second order 

polynomials are considered.  The prediction variance εk calculated using a correlation model with 

arguments dj and θj. dj indicates the distance between the test point xk and a design site xi. The 

parameter θj influences the relationship between distance and correlation. The greater the value of 

θj, the faster the correlation between points xk and xi will decrease as a function of increasing 

distance between them. The correlation model can take a variety of forms. (Lophaven et al., 

2002) The types of correlation models considered in this work are summarized in Table 2.  

Table 2: Correlation models used for kriging model development 

Model Form of r(θj,dj) 

Linear max(0,1-θj|dj|) 

Exponential exp(-θj|dj|) 

Gaussian exp(-θjdj
2) 

 



30 

 

 

The coefficient vectors β and γ as well as the correlation model parameter θ for a kriging model 

can be fitted to a given set of design data using a maximum likelihood estimation (MLE) 

approach. (Davis & Ierapetritou, 2007; Lophaven et al., 2002; J. D. Martin, 2009) In this work the 

MATLAB toolbox DACE (Lophaven et al., 2002), which implements this procedure, is used to 

fit kriging model parameters.  

3.1.3. PCA-based reduced –order modeling 

PCA-based reduced-order modeling is a hybrid approach that combines the dimensionality 

reduction capabilities of PCA with the nonlinear modeling abilities of response surface 

techniques. The concept of PCA-based reduced-order modeling was initially introduced for 

applications involving computational fluid dynamics (CFD) simulations.(Lang et al., 2009) The 

goal of this work was to facilitate co-simulation of CFD models with flowsheet models for a 

gasification-based power plant. (Lang et al., 2011) Recently this approach has been extended to 

information obtained from DEM simulations (F. Boukouvala, Gao, et al., 2013; Rogers & 

Ierapetritou, 2014) with the goal of incorporating distributed parameter information into 

flowsheet simulations for pharmaceutical manufacturing processes.  

PCA-based reduced-order modeling is specifically intended to model high-dimensional state data 

that is obtained from finite element simulations. Figure 3 depicts the type of datasets for which 

this method can be applied. This includes three relevant information matrices, the input space 

 NxnX  , the state space  NxkZ   and the output space  NxmY  . The input space 

consists of design and operating parameters that can be controlled by the user or defined by the 

developer of the DEM model. The state space consists of distributed parameters (e.g. particle 

velocities), and its dimensionality is defined by the discretization of the process geometry. 

Finally, the output space consists of process responses at the outlet of the unit (e.g. blend RSD). 

The goal of this modeling methodology is to develop predictive models for both the state 

variables and the process outputs as a function of the variables in the input space. In this case 
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those variables include time because the dynamic response of the system to changes in operating 

conditions are of interest. 

 

 

Figure 3: Space definitions for PCA-based reduced-order modeling method 

The use of PCA is motivated by the high dimensionality of the state space, which depends on the 

discretization of the process geometry. In general the rank of the state space is significantly 

greater than that of the input space. For previously reported pharmaceutical case studies the state 

space has contained 200-260 elements while the input space contains fewer than 10. (F. 

Boukouvala, Gao, et al., 2013; Rogers & Ierapetritou, 2014; M. Sen, Dubey, et al., 2013) PCA 

can explain the high dimensional state data using a limited number of orthonormal basis vectors, 

or principal components, by taking advantage of the correlated nature of the state data.(Lang et 

al., 2009) The state data can then be expressed using principal component scores, which 

substantially reduces the dimensionality of the dataset without significant loss of information. (F. 

Boukouvala, Gao, et al., 2013; Lang et al., 2009; Rogers & Ierapetritou, 2014)  A response 

surface modeling technique, such as kriging (F. Boukouvala, Gao, et al., 2013; Rogers & 

Ierapetritou, 2014) or ANN (Lang et al., 2009), can then be used to map the principal component 

scores to the process design and operating variables in the input space X. For a set of previously 

untested conditions, the state data can be estimated by first predicting the principal component 

scores from the response surface model and then multiplying the predicted scores by the 

corresponding principal component loadings, as shown in equation (20). 
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It should be noted that the predicted state variables may not be valid if the predicted scores do not 

fall within the score space of the original model, as in this case the loadings from the original 

model are not valid. (Lang et al., 2009) Therefore when developing a PCA based reduced-order 

model it is important to collect samples that span the anticipated input space.  

3.2. Dynamic discrete element reduced-order modeling (dynamic DE-ROM) 

As discussed in Chapter 2, discrete element method (DEM) simulations can provide detailed 

information about particle-level phenomena. This type of information has the potential to 

improve the predictive ability of unit operation models for particulate processes. (M. Sen, Dubey, 

et al., 2013; Wassgren et al., 2011) However the computational cost associated with DEM 

simulations can make it impractical to run these concurrently with a flowsheet model. In this 

section a PCA-based reduced-order approach is introduced that can be used to incorporate 

information from DEM into flowsheet models for efficient process simulation.  

In this section a PCA-based modeling method for dynamic particulate processes is presented and 

applied to a continuous blending process. The algorithm for this dynamic discrete element 

reduced-order modeling (dynamic DE-ROM) technique is presented in Figure 4. Design of 

experiments can be used to sample from the set of design and operating conditions for the process 

to generate the input space. (Kroonenberg, 2008; Timm, 2002) For dynamic DE-ROM the design 

parameters are held constant and only the operating parameters are varied over time. The high-

fidelity (DEM) model is simulated for each condition specified in the input space. The process 

geometry is discretized prior to the extraction of the state data. The selection of the discretization 

is a nontrivial decision. Too fine a mesh can result in noisy data due to a small number of 

particles in each discrete element. Conversely, the shape of the distributed parameter profiles may 

be distorted by an overly broad discretization. It is also important to consider the sampling 
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frequency for the state space. Sampling too frequently can result in noisy data, similar to using 

too fine of a mesh for the discretization of the process geometry. However infrequent sampling 

could fail to adequately capture the process dynamics.  The discretization and sampling frequency 

should ultimately be selected based on the intended application for the model. For instance, if the 

velocities obtained from the reduced-order model are to inform a unit operation model in a 

flowsheet simulation then the discretization of the process geometry should be consistent with the 

number of elements considered in the corresponding unit operation model. 

In some cases, pre-processing may be required to smooth the state and response data after it is 

extracted from the simulation. State data is also mean-centered and scaled to unit variance prior to 

principal component analysis. (Burnham et al., 1999; López-Negrete de la Fuente et al., 2010) 

PCA is then used to reduce the dimensionality of the state space. For the case studies in this work 

the number of principal components in the reduced state space is selected such that at least 95 

percent of the variance in the original state data is explained. A percent variance explained 

criterion is used to select the number of components because the purpose of employing PCA is to 

reduce the dimensionality of the state data without significant loss of information. It should be 

noted that in general the number of components in a PCA model can be selected through cross 

validation, such that the desired prediction accuracy is achieved by the PCA model. (Arlot & 

Celisse, 2010; Timm, 2002) In dynamic DE-ROM, cross validation is carried out on the PCA-

based reduced-order model. This incorporates the principal component decomposition and 

subsequent response surface modeling. Once the PCA model has been developed, the reduced 

state space can be obtained. The reduced state space is given by the principal component scores 

(T). These scores are mapped to the process inputs using a kriging response surface to provide the 

PCA-based reduced order model. 

A separate reduced-order model can also be developed to predict the process outputs (Y). In this 

case a kriging model is used to relate the relative standard deviation (RSD) for the blend to 

operating parameters like the agitator rotation rate. 
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Figure 4: Algorithm for dynamic discrete element reduced-order modeling 

3.2.1. Continuous blender case study 

The dynamic discrete-element reduced-order modeling approach is demonstrated on a series of 

case studies for a continuous convective blender. These include two periodic section case studies 

as well as a full blender case study. A detailed discussion of the DEM models used to simulate 

the process will not be included here, as these models have been previously described in the 

literature. Interested readers are referred to Gao et al. (Gao, Ierapetritou, et al., 2012; Gao, 

Muzzio, et al., 2012) and Boukouvala et al. (F. Boukouvala, Gao, et al., 2013) for a discussion of 

the periodic section DEM simulations and to Dubey et al. (Dubey et al., 2012) for more 



35 

 

 

information on the full blender DEM simulations. Details pertaining to all DEM simulations are 

also provided in Rogers and Ierapetritou (Rogers & Ierapetritou, 2014).  

Periodic Section case studies 

Periodic section models of a continuous blender were used to test the dynamic DE-ROM 

methodology. These DEM simulations evaluate quickly relative to models of the entire blender as 

they contain fewer particles. They are thus preferable for preliminary evaluation of the proposed 

modeling approach. Periodic section modeling is well established in the literature as a means of 

characterizing and optimizing continuous blending processes. (Gao, Ierapetritou, et al., 2012; 

Gao, Muzzio, et al., 2012; P. M. Portillo, Muzzio, F.J., Ierapetritou, M.G., 2008; Sarkar & 

Wassgren, 2009) The underlying principle of periodic section modeling is that the continuous 

mixing process consists of two phenomena; powder flow, which is characterized by the residence 

time distribution (RTD)  and powder mixing, which can be viewed as a batch mixing process 

occurring in a single periodic section of the mixer. (Gao, Ierapetritou, et al., 2012) In this case 

study, mixing performance was characterized using the relative standard deviation (RSD), which 

can be calculated as described in equation (4). 

Two different periodic section case studies were considered in this work, each with a different 

shaft, blade and weir configuration. The specific design and operating conditions for each 

periodic section are shown in Table 2. The two periodic sections are hereafter referred to as Case 

1 and Case 2, respectively.  

Table 3: Design parameters for periodic section case studies 

 Fill Level 

(%) 

Blade Angle 

(deg) 

Weir Height 

Ratio (w/d, 

%) 

Blade Width 

(mm) 

Shaft Angle 

(deg) 

Case 1 40.39 13.29 67.41 29.04 -7.38 

Case 2 27.26 36.31 61.71 25.7 -19.34 

 

The periodic sections were simulated at 19 different agitator rotation rates, randomly sampled 

from a uniform distribution with a lower bound of 40 rpm and upper bound of 250 rpm. These 
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correspond to the operating limits for the GerickeTM  GCM 250, a commercially available 

continuous blender which has been previously studied using DEM simulation. (Dubey et al., 

2012)  The simulation was carried out for 4 seconds at each blade speed, as it is was found that 

the performance metric (RSD) reached steady state within 4 seconds over the range of design and 

operating conditions considered. The periodic section was divided into 4 axial slices, which were 

further discretized into an 8 by 8 grid in the radial direction, resulting in a total of 256 elements. 

This discretization is depicted in Figure 5 and was selected such that each element contained, on 

average, more than 10 particles. A minimum of 10 particles was selected based on previous work 

(F. Boukouvala, Gao, et al., 2013) in which it was found that state data from elements containing 

fewer than 10 particles tends to be noisy. State data corresponding to the average particle 

velocities in the x, y and z directions (ux, uy and uz respectively) was extracted from the periodic 

section simulation every 0.1 seconds. This sampling frequency was observed to capture the rapid 

change in particle velocities and RSD occurring immediately after a change in shaft rotation rate. 

The dynamic velocity profiles were smoothed using a Savitsky-Golay (Savitzky & Golay, 1964) 

filter prior to state space reduction to ensure that the reduced-order model fits the velocity trends 

rather than noise in the process responses. 

 

Figure 5:  Discretization of periodic section for extraction of state data 

The output space consisted of a single performance metric, the relative standard deviation (RSD). 

RSD was calculated as in equation (4), using only elements in the periodic section which 

contained more than 30 particles. This corresponded to 50 elements in each case study.   Principal 
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component analysis of the state space data was completed in MATLAB using singular value 

decomposition. 18 principal components were required to capture 95 percent of the variance in ux, 

while only 3 components were needed for uy and uz. This implies that the observed variability in 

axial velocity is significantly greater than that observed in the radial velocity for this process. The 

input space in this work consists of the agitator rotation rate (rpm) and time, in seconds, since a 

change in rotation rate was initiated. In this context, t=0 corresponds to the moment when the 

agitator speed set point is changed. The principal component scores were mapped to the input 

space using kriging, with a unique kriging response surface developed for each score vector.  A 

kriging response surface was also fitted to predict RSD as a function of shaft rotation rate and 

time for each periodic section. 

The accuracy of the velocity predictions was examined using k-fold cross validation with k=10. 

(Arlot & Celisse, 2010) The percent mean square error of prediction, hereafter abbreviated as 

PMSE, for the state data in Case 1 and Case 2 is summarized in Table 4. The PMSE is less than 

1.3 percent for the velocity predictions in both case studies. This compares favorably with prior 

work in which steady-state reduced-order models were developed to predict particle velocities in 

a periodic section of a continuous mixer as a function of design and operating parameters. These 

steady-state models for distributed parameters reported mean square prediction errors from 7 to 

24 percent, as determined by leave-one-out cross validation. (F. Boukouvala, Gao, et al., 2013) 

The lower PMSE achieved in this work is likely due to the larger datasets considered in 

developing the dynamic reduced-order models.  

Table 4: Percent mean square error of prediction for velocities in continuous blender case studies 

Percent mean square 

error of prediction 

Ux Uy Uz 

Case 1 0.13% 1.21% 0.48% 

Case 2 0.22% 1.12% 0.65% 

 

A visual representation comparing the velocities obtained from the reduced-order model with 

those extracted from DEM simulations is shown in Figure 6 for Case 1 and in Figure 7 Case 2. 
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Each figure corresponds to a snapshot in time, and shows velocity profiles for each of the 4 axial 

slices in the discretization shown in Figure 5. Figure 6 shows velocity profiles for the z 

component (uz) for Case 1 while Figure 7 depicts velocity profiles for the x component (ux) in 

Case 2. It can be seen from Figure 6 and Figure 7 that the contours of the velocity profiles 

predicted using the reduced-order model are comparable to those obtained from the DEM 

simulation. 

 

Figure 6: Predicted uz from reduced-order model vs. uz from DEM simulation for Case Study 1. 

Snapshot at t=3 seconds after a change in agitator rotation rate from 144 to 44 rpm 

 

Figure 7: Predicted ux from reduced-order model vs. ux from DEM simulation for Case Study 2. 

Snapshot at t=0.7 seconds after a change in agitator rotation from 170 to 115 rpm 
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The performance of the mixer, as indicated by the RSD, was modeled dynamically as a function 

of the blade rotation rate. Kriging was used to develop a response surface relating RSD to blade 

rotation rate over time. These response surface models were also validated using k-fold cross 

validation with k=10, and the percent mean square error of prediction for the RSD was found to 

be less than 1.6 percent for both cases studies. This compares favorably to the accuracy 

previously reported for PCA based reduced-order models in DEM and CFD applications. In Lang 

et. Al (Lang et al., 2009), predicted process performance was generally within 1 percent of the 

value obtained from the detailed process model, as determined via leave-one-out cross validation. 

However for some process responses prediction errors as high as 5 percent were reported.  In 

prior work on DEM-based reduced-order modeling for continuous blenders, a prediction error for 

blend RSD of 1 percent is reported at steady state. (F. Boukouvala, Gao, et al., 2013) However 

the prediction error is reported only for a single set of design and operating conditions, so a mean 

square error of prediction is not available for direct comparison. Prediction errors for the kriging 

response surface models are summarized in Table 5. 

Table 5: Percent mean square error of prediction for RSD in a periodic section of a continuous 

convective mixer 

 Percent mean square 

error of prediction 

Case 1 0.51% 

Case 2 0.55% 

 

Figure 8 shows the predicted RSD values for Case 1 as a function of time on the same axes as the 

RSD values obtained from DEM. These are generally shown to be in good agreement, though the 

model tends to under predict RSD outliers. These outliers occur immediately after a change in 

agitator rotation rate, when the RSD is greatest. Kriging is an interpolating method, and as such 

prediction variance tends to be greatest when the gradient of the response surface is steepest. The 

gradient of the RSD with respect to time is steepest immediately after a change in operating 
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conditions, and as a result the prediction error is greatest in this region. Specifically the model 

under predicts in this case because a majority of data fall below these RSD outliers.   

 

Figure 8: Predicted RSD from reduced-order model (RSD-ROM) and RSD from DEM (RSD-ROM) 

as a function of time for Case Study 1 

Full-scale Blender case study 

Periodic section modeling is useful for characterizing mixing performance with respect to design 

and operating parameters. However in process simulation applications velocity profiles within the 

entire blender are of interest. Therefore the proposed methodology is also applied to a full-scale 

blender case study. The DEM simulation used for the blender is a model of a GerickeTM GCM 

250 continuous mixer with an alternating blade configuration. The shaft rotation rates are 

sampled from a uniform distribution between 40 and 250 rpm, as these are the operating limits for 

this particular equipment. The process geometry is divided into 6 axial sections and each of these 

is further discretized into a 6 by 6 grid in the y-z plane. The discretization of the process 

geometry is selected to be consistent with existing unit operation models for the continuous 

blender, so that the predicted velocities can be used directly in a flowsheet simulation if desired. 

(F. Boukouvala et al., 2012; M. Sen, Dubey, et al., 2013) The discretized geometry is depicted in 
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Figure 9. The blender DEM simulation was run for 90 seconds at each agitator rotation rate, as 

this was greater than the residence time for the blender even at the lowest rotation rate. Relative 

standard deviation was calculated at the outlet of the blender, the section corresponding to x=6 in 

Figure 9, over a total of 36 elements. In this case 23 principal components were required to 

capture 95 percent of the variance in ux, while 8 components were needed for uy and uz. This 

indicates greater variability in the axial velocity than in the radial velocity components.  

 

Figure 9: Discretization of process geometry for complete blender simulation 

Model development and cross validation were carried out as in the periodic section case studies, 

using k-fold cross validation with k=10. Percent mean square error of prediction for the particle 

velocities and RSD are summarized in Table 6. The PMSE is less than 1.2 percent for prediction 

of all velocity components. This compares favorably to previously reported prediction accuracies 

for reduced-order modeling of state data using a PCA-based approach, which report PMSE 

ranging from 7 to 24 percent.(F. Boukouvala, Gao, et al., 2013) The MSE is 1.1 percent for the 

RSD predictions, which compares well to the prediction error of 1 percent reported for the RSD 

in Boukouvala et al. (F. Boukouvala, Gao, et al., 2013)   

Table 6: Percent mean square error of prediction for velocity components and relative standard 

deviation for the complete blender simulation 

 Ux Uy Uz RSD 

Percent mean square 

error of prediction 

0.55% 0.96% 1.13% 1.07% 
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Good agreement between predicted RSD values and those obtained from DEM can also be seen 

in Figure 10, which shows the RSD predicted from the reduced-order model as a function of time 

on the same axes as the RSD values obtained from the DEM simulation. Figure 11 compares the 

velocity profiles for ux predicted by the reduced-order model with those obtained from the DEM 

simulation. Each segment in Figure 11 corresponds to an axial slice of the mixer, as described in 

the discretization shown by Figure 9. As for the periodic section case studies, the velocity 

contours shown in Figure 11 correspond to a snapshot in time. Good agreement is observed 

between the velocity contours predicted by the reduced-order model and those obtained from the 

DEM simulation.  

 

Figure 10: Predicted RSD from reduced-order model (RSD-ROM) and RSD from DEM (RSD-ROM) 

as a function of time for full blender case study 
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Figure 11: Predicted ux from reduced-order model vs. ux  from DEM simulation for full-scale blender 

case study. Snapshot at t=23 seconds after a change in agitator rotation rate from 160 to 250 rpm 

The prediction accuracy for the models developed in this case study are comparable to those 

reported in previous implementations of reduced-order models developed based on CFD or DEM 

simulations. (F. Boukouvala, Gao, et al., 2013; Lang et al., 2009) The developed ROM can thus 

be used in dynamic simulation applications to determine particle velocity profiles and relative 

standard deviation for a continuous blender. The reduced-order model can provide significant 

computational savings relative to the DEM simulation. The ROM evaluates in a matter of seconds 

while the DEM model for the GerickeTM GCM250 takes 12 or more hours to run until steady state 

on the same computer (Dell OptiPlex 980 with Intel Corei7VproTM and 16GB ram).  

Despite the accuracy of the developed reduced-order models, it is important to note that the 

proposed approach does have several limitations. It is not recommended extrapolate using models 

developed with this method because kriging is an interpolating technique and as such is limited in 

its ability to extrapolate. In addition, the model for the state data relies on a principal component 

decomposition, which is only valid if the scores corresponding to a new data point fall within the 

score space of the dataset used to develop the model. In implementing this approach it is thus 

recommended to sample within the full range of operating conditions for the unit operation of 

interest so that the model is used for interpolation rather than extrapolation. In addition, the 

developed reduced-order models are fitted using information obtained by sampling a more 

detailed process simulation based on DEM. As such, the developed reduced-order models will 

only be as accurate as these detailed process simulations.  

3.3. Integrating reduced-order models into flowsheet simulations 

The discrete-element reduced-order modeling approach described in the previous section has 

been demonstrated to accurately represent state data, such as particle velocity information, from 

DEM. It is therefore possible to use DE-ROM models to incorporate detailed particle velocity 

information into a flowsheet simulation for a pharmaceutical manufacturing process. In this 
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section, a case study is presented in which discrete-element reduced-order models are 

incorporated into a flowsheet model of a continuous feeding and blending process. In addition, 

simulation results from the flowsheet model are compared with experimental data obtained for a 

comparable system. This is an important development, as verification of flowsheet simulation 

results against experimentally obtained data has not been reported extensively in the literature. 

Prior work in flowsheet modeling for continuous pharmaceutical processes has often focused on 

validation of models at the individual unit operation level. (F. Boukouvala et al., 2012; M.  Sen et 

al., 2012) For flowsheet modeling applications, it is important to consider experimental validation 

for the integrated system as well. (K. V. Gernaey et al., 2012) The level of plant-model agreement 

desired for a particular flowsheet model will depend on its intended use. (Balci, 2010) While full 

quantitative agreement may not be required for process development applications, qualitative 

agreement is certainly useful. (Chatterjee, 2008; Kremer & Hancock, 2006) It is also important to 

compare simulated results with experimental findings in order to understand shortcomings in the 

existing model and identify areas where model improvement is required.  

3.3.1. Case study: Continuous feeding and blending process 

Continuous feeding and blending systems are common to numerous tablet manufacturing routes 

including direct compression, wet granulation and dry granulation. As such it is of particular 

interest to model integrated feeding and blending systems accurately. (Gao, Muzzio, et al., 2011; 

Rogers et al., 2013; Sarkar & Wassgren, 2009) 
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Figure 12: Flowsheet model of continuous feeding and blending system 

The process modeled considered in this case study is shown in Figure 12. It consists of three loss-

in-weight feeders and a single continuous convective mixer. In this case the component of 

interest, with respect to which relative standard deviation (RSD) will be calculated, is component 

A. The loss-in-weight feeders are modeled after Schenck AccuRate LIW feeders and the 

continuous blender is modeled based on a GerickeTM Model GCM 250 with an alternating blade 

configuration. These units were selected so that the results from this study could be compared to 

prior experimental work conducted on a comparable system (Gao, Vanarase, et al., 2011; 

Vanarase & Muzzio, 2011). 

Unit Operation Models 

The loss-in-weight feeders are modeled as described in Chapter 2, with v set to 1% of the target 

mass flow rate. The continuous blending operation is modeled using a discretized residence time 

distribution approach, where residence time distributions are calculated from particle axial 

velocity information. The particle velocity information is obtained from the PCA-based reduced-

order modeling approach described in Section 3.2. (Rogers & Ierapetritou, 2014)  The discretized 

residence time distribution approach is based on the idea that a continuous residence time 

distribution can be expressed as a histogram, as shown in Figure 13. Each of the bins in the 

histogram corresponds to a radial segment in the discretized blender model, and the mean 

residence time for each bin is calculated based on the mean axial velocity in that segment. 
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Figure 13: Discretized residence time distribution approach. The black line represents the continuous 

RTD with mean residence time τ and standard deviation σ. This can be approximated as a 

histogram, represented by the blur bars. 

This approach shares some features with the Markov chain method described by Marikh et al. 

(Marikh et al., 2006) in that the flow rate entering the system is set to be the incoming feed rate 

from the upstream feeders and the powder flow is assumed to be perfectly mixed crosswise. This 

facilitates the use of a one dimensional model in which the residence time is governed by the 

axial motion of particles. It should be noted that the assumption of perfect crosswise mixing in 

this case means only that powder entering the system from each of the three feeders has the same 

probability of entering a particular radial segment of the discretized blender geometry.  

The radial discretization of the blender used in this model is shown in Figure 9. The blender is 

discretized radially into 36 elements, or bins. For each bin a mean axial velocity ( n

xu ) is 

determined using a discrete element reduced-order model, as shown in equation (21). In this 

equation n is an index indicating the bin number and ωb is the agitator rotation rate for the 

blender. This, in conjunction with the blender length (L), is used to calculate the residence time in 

segment n (τn) as shown in equation (22).  

( ) ( ( ))n DE ROM

x bu t f t         (21) 
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It is not realistic to assume that the mass of powder entering the blender distributes evenly among 

all 36 bins, as material may settle towards the bottom of the system due to gravity. This effect is 

particularly pronounced at lower rotation rates. For this reason, material entering the blender is 

distributed among the bins using the empirical model shown in equation (23).  This kriging model 

relates the incoming flow rate to the mass of material in each radial segment at the entrance of the 

blender. The kriging model parameters are fitted using information from the DEM simulation. In 

this equation, Xin
n represents the weight fraction of the incoming material that is assigned to bin n, 

which is determined as a function of the agitator rotation rate. ,i in

nF represents the mass flow rate 

of component i entering bin n. 

, ,

( ) ( ( ))

( ) ( ) ( )

n kriging

in b

i in i in n

n total in

X t f t

F t F t X t




         (23) 

A component mass balance is combined with a delay differential equation to determine the mass 

flow rate of material exiting the blender and the holdup of material in the blender.  The delay 

differential equation is evaluated on a per component and per bin basis, as shown in equation 

(24).  

, ,

, ,

,

( , ) ( , )

( , 0) ( )

( 0, 0) 0

 is the mean residence time in bin 

the superscript  denotes a component in the mixture

 is the time

i delayed i delayed

n n
n

i delayed i in

n n

i delayed

n

n

F t z F t z

t t

F t z F t

F t z

n

i

z





 
 

 

 

  

 delay domain

    (24) 

The mass holdup is calculated based on the relative flow rates of material into and out of the 

blender using equation (25). Finally the relative standard deviation with respect to component A 

at the exit of the blender is calculated as described in Chapter 2 using equation (4). 
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It should be noted that the proposed discretized RTD approach only considers composition 

variability due to axial mixing in the blender. Micro mixing phenomena related to the radial 

dispersion is not explicitly accounted for in the current work. Methods for relating RTD 

fluctuations to blend uniformity are presented in the literature (Gao, Vanarase, et al., 2011), and 

can be added to this model in future work to enhance its predictive ability.  

Comparison of Simulated and Experimental Results 

The integrated feeder-blender system was simulated at experimental conditions intended to match 

those studied in prior work (Gao, Vanarase, et al., 2011; Vanarase & Muzzio, 2011) so that the 

simulation results could be compared with those from the experimental system. The conditions 

simulated in this study are shown in Table 7. The feed rate was kept approximately constant at 30 

kg/hr, though the instantaneous feed rate varied by +/- 1% of the set point due to the random 

noise parameter v.  

Table 7: Simulated conditions for continuous feeding and blending flowsheet 

Feed Rate 

(kg/hr) 

Rotation rate 

(rpm) 

Blade 

configuration 

Blender size 

(m) 

Target 

Concentration 

(%w/w) 

30 

100, 

160, 

250 

Alternating 
Length = 0.3 

Diameter = 0.1 
3 

 

A representative trajectory for the process simulation is depicted in Figure 14. This shows the 

dynamic response of the continuous blender to a feeder refill for component A occurring at t=100 

seconds. It can be seen that the blender dampens the disturbance in concentration of component A 

due to the residence time distribution in this unit operation. The response of the blend uniformity 

(RSD) to the disturbance is also shown in Figure 14b). 
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Figure 14: Simulation results for the integrated feeding and blending model shown in Figure 12. A 

disturbance introduced by refilling Feeder A at t=100s. a) composition of component A at the blender 

inlet and blender outlet respectively. b) dynamic response of the blend uniformity at the mixer exit 

Figure 15 compares the mean residence time, steady state holdup and relative standard deviation 

as a function of the agitator rotation rate for the simulated system with previously reported 

experimental results. In Figure 15, Experiment 1 (Exp1) refers to the results of Vanarase and 

Muzzio (Vanarase & Muzzio, 2011) and Experiment 2 (Exp2) refers to the results reported in 

Gao et al. (Gao, Vanarase, et al., 2011).  The residence time and holdup trends observed in the 

simulation agree well with those observed experimentally. The predicted holdup and mean 

residence time are somewhat lower than those observed experimentally at lower rotation rates. 

However the degree of variability between measurements for mean residence time reported in the 

two experimental datasets is on the same order of magnitude of the discrepancy between the 

simulated and experimentally observed values. It can be seen that at higher rotation rates the 

simulated holdup and mean residence times agree better with those observed experimentally. This 

may be due to the observed tendency for these responses to be less sensitive to the mass flow rate 

at higher rotation rates (Vanarase & Muzzio, 2011). The DEM simulation that was used to obtain 

velocity profiles for the flowsheet model was operated using a continuous particle flow rate that 

did not take into account the type of feed rate variability that is observed when using a loss-in-

weight feeder. Therefore it is possible that the simulation does not agree as well with 
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experimental findings at lower rotation rates due to the influence of feed rate variability on 

blending performance which is not captured as effectively by the simulation.  

 

Figure 15: (a) Mean residence time (b) steady state holdup and c) relative standard deviation as a 

function of agitator rotation rate for continuous feeding and blending flowsheet simulation. 

Simulated results are compared with experimental findings indicated as Exp1 (Vanarase & Muzzio, 

2011) and Exp2 (Gao, Vanarase, et al., 2011). 

The simulated RSD tends to be lower than that observed experimentally, particularly at higher 

rotation rates. This could be due in part to the fact that an RTD model is not ideally suited to 

represent micro scale mixing behavior. (Gao, Vanarase, et al., 2011) In particular, at high rotation 

rates the ratio of axial to radial particle velocities may so high that the material experiences fewer 

blade passes in the blender. (Vanarase & Muzzio, 2011) Because the discretized RTD model does 

not explicitly incorporate axial particle fluxes, it may not fully describe this phenomenon. In the 

future, adding a radial dispersion model like that described in Gao et al (Gao, Vanarase, et al., 
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2011) to the RTD model could enhance the ability of the simulation to represent the effect of 

rotation rate on blend homogeneity. 

Under prediction of RSD relative to the experimentally determined values may also be due in part 

to the effect of measurement error. In the experimental studies, mixture concentration was 

evaluated using at-line samples which were subsequently analyzed by near infrared (NIR) 

spectroscopy. This process introduces some degree of sampling error and measurement error. The 

relative standard deviation of the NIR measurement technique was reported as 1% by Gao et al 

(Gao, Vanarase, et al., 2011) while Vanarase and Muzzio (Vanarase & Muzzio, 2011) report a 

root mean square error of prediction of 0.239 for the method.  This measurement error is not 

accounted for in the simulated system. In future work, the effects of sampling or measurement 

error could be explicitly considered in the simulation to more accurately reflect experimental 

observations. 

3.4. Summary of reduced-order modeling applications 

This chapter has provided an overview of reduced-order modeling techniques that will be applied 

throughout this thesis. These include principal component analysis, kriging and PCA-based 

reduced-order modeling. These methods have been demonstrated in a case study for a continuous 

blending process. A PCA-based modeling approach known as dynamic discrete element reduced-

order modeling has been introduced and it has been demonstrated that this method can accurately 

represent high dimensional state data from a DEM simulation. It has also been shown that kriging 

can successfully model highly nonlinear and dynamic data in the form of blend RSD information 

for a continuous blending process.  

A flowsheet simulation for a continuous feeding and blending process that incorporates particle 

velocity information from a discrete element reduced-order model has been developed. This 

model demonstrates the integration of reduced-order models into flowsheet simulations for a 

continuous pharmaceutical process. Results from this flowsheet simulation have been compared 
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with experimental data from a comparable system previously reported in the literature (Gao, 

Vanarase, et al., 2011; Vanarase & Muzzio, 2011). This is a significant development, as 

validation of integrated process models against experimental data has been somewhat lacking in 

the area of continuous pharmaceutical manufacturing. The simulation results show order of 

magnitude agreement with experimental results for mean residence time and holdup in the 

system. At lower blending speeds reasonable agreement with experimentally observed relative 

standard deviation is also obtained. At higher blending speeds the simulation tends to under 

predict blend RSD. Additional model terms to better represent radial dispersion phenomena are 

needed to achieve better agreement with experimentally observed blend uniformity. 
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Chapter 4 

4. Sensitivity analysis of integrated pharmaceutical processes 

4.1. Role of sensitivity analysis in pharmaceutical process development 

Sensitivity analysis is an important aspect of both process and model development. It can be used 

to quantitatively evaluate the significance of operating conditions and model parameters with 

respect to process variability. This information can direct experimental effort towards improving 

the estimation of important model parameters or identifying conditions that will enhance 

understanding of process design space. (Saltelli, Tarantola, et al., 2000; Sin et al., 2009) 

Sensitivity analysis can also be used to identify aspects of a process which are not sufficiently 

well understood and areas in which the corresponding model needs to be improved.  

Lack of sensitivity to certain factors can also provide important information about a process. This 

can be used to justify reducing the uncertain input space (e.g. by holding these parameters 

constant in subsequent studies) or to suggest additional parameter variations to adequately capture 

the influence of these factors. (Ramachandran et al., 2009; Saltelli, Chan, et al., 2000; Saltelli, 

Tarantola, et al., 2000)  Sensitivity analysis can also be used to identify critical process design 

and operating parameters. (Singh et al., 2010) This is particularly important in drug product 

processes, where input material properties can vary significantly on a product by product basis. 

(P. K. McKenzie, S. Tom, J. Rubin, E., Futran, M., 2006) Understanding the influence of active 

ingredient (API) physical properties on product quality can suggest API quality specifications and 

aid in the development of robust processes. (Zhang et al., 2011) 

The use of sensitivity analysis for process development for pharmaceutical applications has been 

increasingly studied in recent years within the context of QbD. In solids-based pharmaceutical 

modeling, sensitivity analysis is often discussed in conjunction with parameter estimation for 

mechanistic and multi-scale models, particularly those incorporating population balance 

equations.  (Cryer & Scherer, 2003; Gantt & Gatzke, 2006; Mortier et al., 2012; Ramachandran et 
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al., 2009; Vikhansky & Kraft, 2006)  Sensitivity analysis has also been used to identify critical 

design and operating parameters for specific unit operations such as granulation, mixing and 

tablet coating. (Getaz et al., 2013; Sin et al., 2009) When applied to an integrated flowsheet 

model consisting of a series of sequential unit operations, sensitivity analysis can identify key 

relationships between raw material properties, design parameters, operating conditions and final 

product quality.  The results of such an analysis can thus be used to guide equipment selection, 

contribute to quality risk assessment (e.g. by identifying critical process parameters) and aid in 

the development of appropriate control strategies to ensure product quality. (F. Boukouvala et al., 

2010a; Chen et al., 2010; Ramachandran et al., 2011; Singh et al., 2012; Westerberg et al., 2013) 

This chapter is concerned with the application of global sensitivity analysis techniques to an 

integrated model for a continuous direct compaction process. Several different methods will be 

applied and the resulting sensitivity metrics evaluated and compared. These metrics will then be 

used to identify potential critical process parameters and manipulated variables for control 

strategies. Sensitivity analysis will also be used to suggest model improvements in areas where 

the existing model is not sufficiently detailed to capture the effect of certain parameters.  

4.2. Global sensitivity analysis methods 

Sensitivity analysis (SA) describes the process of attributing variance in process responses to 

sources of uncertainty. (Saltelli, Chan, et al., 2000)  Throughout this chapter the terms input or 

uncertain parameter will be used to describe these sources of uncertainty, which include raw 

material attributes, process design parameters and operating conditions. These inputs vary within 

some distribution P(x), with lower and upper bounds based on anticipated levels of variability 

during normal operation.  Responses or outputs will be used to describe model outputs which may 

be affected by variability in the inputs. Sensitivity analysis can be either local or global in nature. 

Local sensitivity analysis considers individual input-response relationships and often involves one 

at a time (OAT) variation of inputs. In order to evaluate the effect of multiple inputs acting in 
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concert on a particular response it is necessary to conduct a global sensitivity analysis, in which 

all inputs are varied simultaneously. Thus the effect of individual inputs as well as the 

cooperative effect of multiple inputs on a particular response can be evaluated. (Saltelli, Chan, et 

al., 2000; Saltelli, Tarantola, et al., 2000) 

In this work, sensitivity analysis is applied to a continuous direct compaction process model. The 

goal of this analysis is to identify potential critical process parameters and control strategies with 

respect to tablet quality attributes including API concentration, concentration variability (RSD), 

weight and hardness. Interactions between process parameters, equipment configuration and 

material properties are known to influence these process responses, so a global sensitivity 

approach is selected. (F. Boukouvala et al., 2012; Gao, Muzzio, et al., 2011; M. A. Järvinen, 

Paaso, J., Paavola, M., Leivisk, K., Juuti, M., Muzzio, F., Järvinen, K., 2012; Martínez et al., 

2013) The global sensitivity analysis methods considered include the partial rank correlation 

coefficient (PRCC), random sampling high dimensional model representation (RS-HDMR), the 

extended Fourier Amplitude Sensitivity Test (eFAST) and Sobol’s method. A brief overview of 

each technique is given in the remainder of this section. 

Partial Rank Correlation Coefficient 

The partial correlation coefficient (PCC) is a regression-based metric that indicates the strength of 

the linear relationship between a specific input factor xi and a response y, having corrected for the 

effect of all other inputs x~i. By rank transforming data it is possible to apply this technique to 

nonlinear input - response data, thereby calculating the partial rank correlation coefficient 

(PRCC). The magnitude of the PRCC indicates the strength of the monotonic relationship 

between an input xi and a response y. (Saltelli, Chan, et al., 2000) It is calculated by first 

expressing xi and y in terms of all other inputs x~i using linear regression, as shown in equation 

(26). 
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The partial correlation between xi and y is then given by the correlation coefficient between 

ˆ
i ix x  and ˆy y .  

The PRCC is an appealing metric for screening because it can be estimated using fewer samples 

than variance-based metrics. However it also has several limitations. For instance, it is most 

effective for processes where the inputs are not strongly correlated. In addition, the accuracy of 

the estimated sensitivities depends on the accuracy of the linear expressions fitted in equation 

(26). (Saltelli, Chan, et al., 2000)  In this research partial rank correlation coefficients are 

calculated using SimLab (version 2.2), developed at the European Commission’s Joint Research 

Centre.  

4.2.1. Variance based sensitivity analysis 

Unlike regression-based approaches (e.g. PRCC), variance based sensitivity analysis can be 

applied to processes with correlated inputs and can even identify the extent to which input 

interactions influence process responses. As their name implies, variance based metrics reflect the 

contribution of individual inputs or groups of inputs to variance in process responses. This 

contribution is calculated based on the conditional variance in a process response due to a specific 

input or group of inputs. An individual sensitivity metric (Si) can be used to evaluate the 

contribution of a single input xi to variability in a particular response y. An interaction index (Sij) 

can be used to assess the cooperative effect of variables xi and xj on a process response. Finally, a 

total sensitivity index (STi) can be used to evaluate the effect xi and all of its higher order 

interactions with other inputs x~i on a response y. These metrics are determined as the ratio of 

partial variances (Di, Dij and D~i) to total variance in the process response (D) as shown in 

equations (27) through (29). Variance based sensitivity analysis methods differ in how they 

estimate the conditional variances Di, Dij and D~i. Estimating these quantities accurately can 
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require a large number of model evaluations, particularly if there are many uncertain inputs to 

consider. Therefore screening methods are recommended to reduce the number of variables 

considered prior to implementing variance based sensitivity analysis.  
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Random Sampling High Dimensional Model Representation (RS-HDMR) 

Sensitivity analysis using random sampling high dimensional model representation (RS-HDMR) 

is a model-based approach that can be used to estimate the various sensitivity metrics shown in 

equations (27)-(29). The number of samples required for the conditional variance estimates 

depends in part on the number of samples required to generate an accurate model by high 

dimensional model representation (HDMR). However in some cases this method can require 

significantly fewer samples than other variance based approaches like Sobol’s method. (Sobol, 

1993; Ziehn & Tomlin, 2009)  High dimensional model representation (HDMR) is a reduced-

order modeling approach that involves the use of a finite hierarchal correlated function expansion 

based on process inputs to express a system output. The general mathematical formulation for 

HDMR is shown in equation (30). This representation accounts for the contribution of individual 

inputs as well as higher order input interactions to a particular process response f(x). (G. Li et al., 

2001; G. Y. Li et al., 2008) 
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The term f0 in equation (30) is the average process response over the input domain. The first-

order terms fi(xi) indicate individual contributions of variables xi and the second order terms 

fij(xi,xj) indicate the contribution of interactions between variables xi and xj to response variability.  

For most applications, equation (30) is limited to the second order expansion shown in equation 

(31). This limits the computational time for calculating the component functions and is justified 

by the fact that ternary and higher order interaction terms tend to contribute significantly less to 

overall response variability than first and second order terms.(G. Li et al., 2001; G. Y. Li et al., 

2002)  
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           (31) 

The form of the component functions in equation (31) can be selected to optimally represent the 

available process data. (G. Li et al., 2001; G. Li et al.; G. Y. Li et al., 2002) In order to expedite 

the fitting of these functions, analytical basis functions such as orthonormal polynomials or 

splines are often used. (G. Y. Li et al., 2002) In terms of these basis functions, equation (31) can 

be expressed as:  
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In equation (32) 
i

r  and 
ij

pq  are coefficients for the basis functions (x )r i  and (x , x )pq i j  

respectively. (G. Y. Li et al., 2002)  

HDMR component functions can be used to estimate the conditional variances required for the 

calculation of the sensitivity metrics, as shown in equations (33)-(35).  
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A MATLAB based platform for HDMR model development and sensitivity analysis called GUI-

HDMR has been developed by Ziehn and Tomlin (Ziehn & Tomlin, 2009). This tool is used in 

the current work to fit HDMR models and estimate sensitivity indices. 

Extended Fourier Amplitude Sensitivity Test 

The extended Fourier Amplitude Sensitivity Test (FAST) is an alternative method for evaluating 

individual (Si) and total (STi) sensitivity indices. It can provide accurate estimates of these 

quantities using fewer samples than Sobol’s method and for problems with a limited number of 

inputs may also be more efficient than HDMR. (Saltelli, 2002) It is based on the FAST method 

proposed in the 1970s for analyzing sensitivities in complex systems of chemical reactions. (R. I. 

Cukier et al., 1973; R.I. Cukier et al., 1978; R. I. Cukier et al., 1975; Schaibly & Shuler, 1973)  

The extended Fourier amplitude sensitivity test (eFAST) describes the extension of the FAST 

method to calculate total sensitivity indices.  eFAST employs a frequency based method to 

sample the input space efficiently. The observed variance in the outputs can then be represented 

as a multiple Fourier series. (Saltelli et al., 1999) The spectrum of the ith term of the Fourier series 

expansion indicates the contribution of the ith input factor to the total variance in y. (Saltelli, 

Chan, et al., 2000) Taking advantage of the mutually orthogonal nature of terms in the multiple 

Fourier series, the partial variances attributable to each input can thus be obtained independently 

using a single set of samples. (Saltelli & Bolado, 1998; Saltelli, Chan, et al., 2000)  

The eFAST sample strategy is based on search curves that systematically explore the input space.  

Each input is sampled along a curve which depends on some frequency ωi as defined by equation 

(36). (Saltelli & Bolado, 1998; Saltelli et al., 1999)  

( ) (sin( ))i i ix s G s           (36) 
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In equation (36), s is a scalar that allows for systematic exploration of the input space and the 

form of the function 𝐺𝑖 depends on the distribution from which the factor xi is to be sampled. In 

the current work, the transformation proposed by Saltelli et al. (Saltelli et al., 1999) for uniform 

distributions has been used. This is shown in equation (37), where ϕi is a random phase shift on 

the interval [0,2 𝜋). The phase shift facilitates resampling, a process by which several unique 

search curves can be generated for each input. For a process with multiple uncertain parameters, a 

set of search curves is generated for each parameter in which that input is varied at a frequency 

ωi. This frequency is higher than the frequency ω~i at which all other variables are sampled. The 

algorithm used to select the frequencies ωi and ω~i in this work can be found in Appendix A of 

Saltelli et al. (Saltelli, Chan, et al., 2000) 
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The conditional variance attributed to the factor xi can then be estimated using the first M 

harmonics of the spectrum of the Fourier series at ωi. In this study M is set to 4 as recommended 

in Saltelli et al. (Saltelli et al., 1999) The conditional variance due to the complementary set of 

inputs x~i can be estimated similarly based on ω~i . These calculations are shown in equations (38) 

and (39) respectively. 
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The spectrum Λ is calculated from the Fourier Coefficients as in equation (40). The coefficients 

themselves can be obtained by numerically evaluating the integrals in equations (41) and (42). 
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The variances calculated in equations (38) and (39) can be used to determine sensitivity and total 

sensitivity indices in equations (27) and (29). (Saltelli, Chan, et al., 2000; Saltelli et al., 1999) 

 

 

Sobol’s Method 

Unlike the extended FAST method, Sobol’s method can be used to calculate all three of the 

variance based sensitivity metrics, Si, Sij and STi. (Sobol, 1993) Sobol’s method relies on a 

functional decomposition scheme similar to that shown for HDMR in equations (31) and (32). 

However Sobol’s method does not rely on the use of component functions. Instead, the terms in 

the functional decomposition are calculated through numerical evaluation of multi-dimensional 

integrals as shown in equations (43) and (44). In (43) and (44), dx~i and dx~ij refer to integration 

over all variables but i and over all variables but i and j respectively. 
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The partial variances required for variance based sensitivity analysis can be calculated via Monte-

Carlo integration of (43) and (44) as shown in equations (45)-(47).  
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The most significant challenge associated with the calculation of sensitivity indices via Sobol’s 

method is the potentially large number of samples (indicated by n in equations (45)-(47)) required 

to evaluate these multi-dimensional integrals accurately using Monte-Carlo integration. A variety 

of modifications to Sobol’s method have been described to increase the accuracy of the estimated 

indices. (Homma & Saltelli, 1996; Saltelli, Chan, et al., 2000) In addition, sampling strategies 

have been suggested to reduce the number of samples needed to accurately estimate the Monte-

Carlo integrals. (Dimov & Georgieva, 2010; Glen & Isaacs, 2012; Saltelli, 2002) In this work, the 

input space is sampled using quasi-random Sobol sequences. (Bratley & Fox, 1988; Joe & Kuo, 

2003) The modified formula proposed by Saltelli et al. (Saltelli et al., 2010), shown in equation 

(48), is used to calculate the individual variance contribution Di. 
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In equation (48), A and B are matrices of quasi-random numbers used to sample the input space. 

The matrix BA
(i) is one in which column i from matrix A replaces the same column of matrix B. 

The variance due to parameter interactions can be computed as shown in equation (49), which 

was originally proposed by Jansen (Jansen, 1999).  
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The total number of samples required depends in part on the number of inputs to be considered 

(k). In this case we follow the proposed sampling strategy of Saltelli et al. (Saltelli, 2002) and use 

n(k+2) model evaluations to estimate the partial variances, where n  is a large number (200 in this 

work).  

4.3. Sensitivity analysis of a continuous direct compaction process 

Continuous Direct Compaction Flowsheet Simulation 
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Using the unit operation models described in Chapter 2, an integrated process model for 

continuous tablet production via direct compaction can be assembled. (F. Boukouvala et al., 

2012) The continuous direct compaction flowsheet model used for this sensitivity study is 

depicted in Figure 16. The process consists of three loss-in-weight feeders, a continuous 

convective mixer, and a tablet press. In this case the continuous blender is modeled using a two 

dimensional population balance, as described by equation (5)-(6).  Also shown in Figure 16 are 

the inputs to the sensitivity analysis and the process responses for which sensitivity indices are 

calculated. The uncertain parameters selected for the sensitivity analysis represent only a fraction 

of the approximately 120 user-specified inputs to the direct compaction simulation. These inputs 

include design parameters, operating conditions, material properties, and model parameters for 

the unit operation equations.  The current analysis focuses on a subset of these parameters with an 

emphasis on design and operating conditions as well as material properties. Sources of model 

uncertainty are not considered in this analysis because the objective is to identify potential critical 

process parameters and control strategies. A summary of the varied parameters and responses 

considered is included in Figure 16, with the varied parameters and the distributions from which 

they are sampled on the left hand side and the process responses on the right hand side. A 

summary of the uncertain parameters, their bounds and the distributions from which they are 

sampled is also provided in Table 9 at the end of this chapter. 
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Figure 16: Flowsheet simulation for a continuous direct compaction process indicating inputs to the 

sensitivity analysis and their distributions as well as responses for sensitivity analysis 

The direct compaction process model can be used to evaluate the effect of changes in the set of 

uncertain inputs on process outcomes. Variability in the tablet quality attributes is of particular 

interest, as inputs significantly affecting quality are potential critical process parameters (CPP) or 

manipulated variables for a control strategy. Figure 17 shows the trajectories of four quality 

attributes, tablet weight, hardness, active ingredient (API) concentration and relative standard 

deviation (RSD).  Three different scenarios are shown: the case where all inputs are set to their 

mean (center point) values as well as the cases where all uncertain parameters are fixed at their 
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minimum (low) and maximum (high) values. The trajectories in Figure 17 indicate that tablet 

quality attributes vary as a function of at least some of the uncertain parameters. Identifying 

which inputs contribute most significantly to this variability is the goal of the sensitivity analysis.  

 

Figure 17: Tablet Properties over time for center point conditions as well as for extreme low and high 

values of all varied parameters 

The direct compaction flowsheet is simulated for 1800 seconds, until the process variables of 

interest have reached steady state. Sensitivity analysis is then performed on the steady state 

responses. 

Sensitivity Analysis of the Continuous Direct Compaction Process 

An initial sensitivity analysis considering all 22 of the uncertain parameters shown in Figure 16 is 

conducted using the partial rank correlation coefficient and RS-HDMR methods. For these 

methods, the number of samples required to estimate the sensitivity indices is not a large multiple 

of the number of uncertain parameters, as is the case for eFAST and Sobol’s method. These latter 

methods, while more sampling intensive, can provide more accurate estimates of sensitivity, 
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especially for processes with highly nonlinear input-response relationships.(Saltelli, 2002) The 

PRCC and RS-HDMR sensitivity metrics (Sij) can be used to identify variables that contribute 

most significantly to response variance and to screen out those that do not. This information can 

be used to reduce the number of uncertain variables prior to conducting extended FAST and 

Sobol’s sensitivity analysis.  

The sampling methods for the eFAST approach and Sobol’s method are specified by the methods 

themselves, as described in section 4.2. For the partial rank correlation coefficient and RS-HDMR 

methods random sampling can be used. In this work Latin Hypercube sampling (LHS) is used to 

sample the uncertain space for these methods. LHS was selected for its efficiency and 

demonstrated efficacy for sensitivity analysis in systems with a relatively large number of 

uncertain inputs.   (Blower & Dowlatabadi, 1994; Helton & Davis, 2003; Helton et al., 2005; 

Olsson & Sandberg, 2002) A summary of the sensitivity analysis techniques used in this chapter 

and the corresponding sampling strategies and number of samples required is provided in Table 8. 

Table 8: Summary of sensitivity analysis techniques applied to direct compaction process 

Method 
Sensitivity 

metrics 
Sampling method 

Number of 

variables 

considered 

Number of 

samples 

Partial correlation 

coefficient 
PRCC Latin hypercube 22 2048 

RS-HDMR Si, Sij Latin hypercube 22 3048 

Sobol Si, Sij, STi Sobol quasi-random 9 2200 

eFAST Si, STi 
Uniform eFast w/ 

resampling 
8 1560 

 

Partial Rank Correlation Coefficient 

Partial rank correlation coefficients were determined for each pair of input-response relationships 

shown in Figure 16, resulting in a high dimensional (22x19) dataset. The magnitude of the PRCC 

are displayed as an intensity plot in Figure 18. The results indicate that several of the inputs are 

particularly significant contributors to response variability, while others have little to no effect on 
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product quality. The API and excipient material properties, as well as the feeder design and 

operating parameters for these two components are the factors found to be most influential 

according to the partial rank correlation coefficient. This is consistent with the fact that API and 

excipient are the predominant components most pharmaceutical blends.  The relative standard 

deviation throughout the process is most sensitive to API feeder screw speed, which highlights 

this as a potential manipulated variable for the control of tablet RSD.  The feeder gain parameter, 

which is comparable to the feed factor for loss-in-weight feeders, also significantly affects tablet 

quality attributes. Commercially available loss-in-weight feeders often determine the feed factor 

based on weight vs. time data collected from the gravimetric controller. When the feeder operates 

in volumetric mode (e.g. during feeder refill), this parameter is not updated and can either be set 

manually or maintained at the most recent value calculated prior to switching to volumetric mode. 

(W. E. Engisch & Muzzio, 2012)  Given the importance of this parameter, it may be desirable to 

have the ability to set the feed factor (feeder gain) at a supervisory control level. This would be 

particularly useful during feeder refill. (W.E. Engisch & Muzzio, 2010) 
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Figure 18: Intensity plot for magnitude of partial rank correlation coefficients 

The PRCC is also useful in indicating which variables the process is relatively insensitive to. 

These include the lubricant properties and feeder parameters for the lubricant feeder, as well as 

the design parameters for the tablet press hopper. In addition, dynamic parameters for control of 

the feeder such as the time constant and time delay are not particularly influential in this steady 

state analysis. Based on the PRCC, the process also appears relatively insensitive to the agitator 

rotation rate for the blender. Before eliminating any of these parameters from subsequent 

consideration, it is important to determine if they interact with any other inputs to significantly 

influence process performance. This can be accomplished using the interaction indices (Sij) 

obtained from RS-HDMR.  
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Random Sampling High Dimensional Model Representation 

RS-HDMR has the advantage of being able to provide specific information about the cooperative 

effect of inputs on a particular response. HDMR models were constructed using 3048 samples 

generated using LHS (the 2048 sampled for the PRCC plus an additional 1000 for model cross 

validation). HDMR was carried out using the GUI-HDMR software tool developed by Ziehn and 

Tomlin(Ziehn & Tomlin, 2009). Prior to developing HDMR models the input data was mean-

centered and scaled to unit variance. In addition, a variance threshold of 0.1% was applied to 

expedite HDMR component function fitting. Coefficients of determination for HDMR models are 

provided in the Table 10 at the end of the chapter. 

The individual sensitivity metrics obtained from RS-HDMR largely confirm the findings from the 

PRCC and are therefore not presented here. The interaction indices (Sij) are used to identify 

important variable interactions prior to removing any factors from the analysis. Intensity plots 

showing input interactions to which certain responses are highly sensitive are shown in Figure 19. 

For responses that are not significantly influenced by parameter interactions, the corresponding 

intensity plots are not shown. 

The most significant parameter interaction giving rise to variability in process throughput, as 

indicated by of the interaction indices for the mixer and hopper outlet mass flow rates, is that 

between the excipient feeder gain and screw speed. The cooperative effect of the excipient feeder 

screw speed with API feeder parameters also contributes to variability production rate. Tablet 

weight variability throughout the process is attributed in part to the interaction between the API 

and excipient material properties as well as the cooperative effect of mixer agitation rate with 

excipient properties. This highlights the importance of considering univariate and interaction 

indices at the screening stage, as based on the PRCC alone the mixer parameters might have been 

removed from the set of inputs prior to subsequent analysis.  
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Figure 19: Binary Interaction Sensitivity Indices (Sij) obtained using RS-HDMR for (a) Mixer outlet 

mass flow rate (b) mixer outlet density (c) Feed Frame Total Flow rate and (d) Tablet Weight 

Based on the initial sensitivity results, parameters related to the lubricant properties and lubricant 

feeder are not considered in the remaining sensitivity analysis methods. This does not imply that 

these parameters are not significant for tableting processes in general, just that over the parameter 

ranges considered and for the process model used in the current study the predicted process 

responses are not sensitive to these parameters.   

Sobol’s Method 

Having reduced the number of uncertain parameters under consideration, variance based methods 

that require a greater number of samples per variable can be implemented to further rank the most 
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significant parameters with respect to their impact on process outcomes. Sobol’s sensitivity 

analysis was applied to the nine parameters indicated to be most significant based on the 

preliminary screening. These include API and excipient feeder parameters, API and excipient 

material properties, and agitator rotation rate in the blender (mixer rpm). One advantage of 

Sobol’s sensitivity analysis is that it can provide individual, total and interaction sensitivity 

indices using the same set of samples. However the number of samples required scales by a factor 

of n (in this case 200) with the number of variables considered. In this case Sobol’s method 

requires 2200 samples obtained via the Sobol quasi-random sequence. (Bratley & Fox, 1988; Joe 

& Kuo, 2003) 

The first order and total sensitivities estimated using Sobol’s method are shown in Figure 20. The 

Sobol metrics provide a more nuanced view of process sensitivities than the PRCC or RS-HDMR 

metrics. The API feeder screw speed clearly remains one of the most significant parameters. 

However it is also evident that excipient material properties are more significant than API 

properties in their influence on tablet weight. In addition it can be seen that API material 

properties affect tablet concentration and content uniformity, but not to the same extent that 

feeder parameters do. Finally it is clear that agitator rotation rate in the blender can affect process 

throughput and holdup in various unit operations, but that it does not significantly influence tablet 

quality attributes.  
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Figure 20: Sobol sensitivity indices for the continuous direct compaction process including a) 

individual sensitivity metrics Si and b) total sensitivity metrics STi 

The interaction indices (Sij) largely corroborate the findings from the individual and total 

sensitivity metrics. Intensity plots of interaction indices for process throughput (as indicated by 

flow rate exiting the blender) and the tablet quality attributes are shown in Figure 21. Tablet 

hardness is not included as this is affected almost exclusively by compression force so there are 

no significant parameter interactions to report among the subset of uncertain parameters 

considered. Based on the interaction indices the most significant source of variability affecting 

tablet weight is the excipient bulk density, which affects this response almost exclusively. Tablet 

API concentration and RSD are effected most significantly by the API feeder parameters, though 

interactions with the excipient feeder parameters also affect API concentration and interactions 

with excipient material properties influence content uniformity. The process throughput, as 

indicated by mass flow rate exiting the mixer, is affected by a variety of interactions, including 

those of the API and excipient feeder parameters with the mixer agitator rotation rate.  
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Figure 21: Sobol interaction sensitivity indices Sij for a) mixer outlet mass flow rate b) tablet API 

concentration c) tablet relative standard deviation (RSD) and d) Tablet weight 

Extended Fourier Amplitude Sensitivity Test 

Based on the Sobol sensitivity analysis results it appears that the rotation rate of the agitator in the 

blender affects process throughput, but does not significantly influence tablet quality attributes. 

The extended FAST method is therefore used to study the eight inputs which were shown to 

contribute most to variance in tablet quality attributes. These include the API and excipient 

material properties as well as the feeder parameters (gain and screw speed) for these materials. 

Sampling was conducted as described in section 4.2, with three search curves per variable 
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consisting of 65 samples each as per recommendations by Saltelli et al. (Saltelli et al., 1999) This 

results in a total of 1560 samples.   

Intensity plots for the sensitivity (Si) and total sensitivity (STi) indices obtained using extended 

FAST are given in Figure 22. The total sensitivity indices are generally greater than the individual 

sensitivity indices and the sum of individual sensitivity indices is less than one. This indicates the 

presence of higher order interactions between input parameters that contribute to output 

variability, which is consistent with the findings from Sobol’s method. The two metrics Si and STi 

rank the relative importance of input factors similarly although their magnitudes differ.  

 

Figure 22: Sensitivity indices obtained from the extended FAST method including a) individual 

sensitivity metrics Si and b) total sensitivity metrics STi 

The extended FAST results can be used to further distinguish between the set of variables that 

affect product quality. The total sensitivity indices obtained from eFAST highlight the API feeder 

screw speed as the most significant factor affecting process performance. However the effect of 

excipient properties on content uniformity, as indicated by RSD is also apparent based on the 

eFAST STi. The total sensitivity indices obtained from eFAST also highlight sensitivities that 

were not immediately apparent based on the other metrics. For instance, based on the PRCC the 

hopper API concentration, mean residence time and total mass flow rate appeared independent of 

material properties. However based on the eFAST total sensitivity indices it is clear that material 
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properties do contribute to variability in mass flow rate exiting the mixer as well as hopper mean 

residence time and mass hold up. These results are more consistent with expectations, as the 

properties of the API and excipient, particularly bulk density, should affect total throughput and 

mass holdup. This highlights again the importance considering variance-based sensitivity metrics 

like those obtained from eFAST and Sobol’s method. 

4.4. Identification of potential critical process parameters and control strategies 

The sensitivity metrics obtained in section 4.3 can be used to identify potential critical process 

parameters, as well as potential manipulated variables for control strategies. Based on the 

individual sensitivity metrics (e.g. PRCC, variance based Si) it is clear that the feeder screw speed 

and feeder gain significantly contribute to variability in tablet API concentration. Therefore it is 

important to include these parameters when developing control strategies for tablet content 

uniformity. In the case of the feeder gain, this may require that the supervisory control system 

have access to set the feed factor when the feeder is not operating in gravimetric mode, for 

instance during hopper refill.(W.E. Engisch & Muzzio, 2010) This also highlights the importance 

of selecting an appropriate time interval for updating the feed factor when the feeder is operating 

in gravimetric mode.(W. E. Engisch & Muzzio, 2012) If it is updated too frequently, the feed 

factor calculations may be affected by high frequency noise in the feed rate. However if it is not 

updated frequently enough the gravimetric controller may not be able to accurately determine the 

appropriate setting for the screw speed to ensure the desired mass flow rate. In addition, it may be 

necessary to smooth the weight versus time data obtained from the load cell prior to calculating 

the feed factor.(F. Boukouvala et al., 2012)  

Based on the total sensitivity indices, it is clear that tablet quality attributes including weight 

variability and content uniformity (RSD) are significantly influenced not only by the API material 

properties but also by the material properties of the excipients. In fact, the material properties of 

these two components interact to give rise to variability in product quality. This indicates that the 
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material properties of both the API and the excipient have the potential to be critical process 

parameters. It also suggests that the specifications for the API should be set with an awareness of 

the anticipated range of excipient properties. In fact it may be beneficial to consider a joint 

specification that accounts for the interaction between API and excipient properties to expand the 

design space for the process. (Duchesne & Macgregor, 2004; García-Muñoz, 2009) Based on the 

sensitivity results it can also be concluded that certain parameters are related predominantly to 

process throughput rather than product quality. For instance, the tablet press hopper geometry, 

feed frame rotation rate and blender agitator rotation rate contribute to variability in total process 

throughput and holdup in the various unit operations more so than to tablet quality. This does not 

imply that these parameters do not affect tablet quality at all, just that within the anticipated 

ranges for this process their effect on process throughput is more pronounced. As long as these 

variables can be maintained within the proposed ranges, it should not be necessary to consider 

them critical process parameters. It may still be beneficial to incorporate operating parameters 

like the blender rotation rate into a control strategy for tablet weight, as sensitivity indices for this 

parameter indicate some contribution to weight variability.  

The sensitivity results also highlight potential areas for further model development. For instance, 

the sensitivity metrics indicate that lubricant feeder parameters and properties do not contribute to 

variability in tablet uniformity or hardness. In practice it is known that lubricant content can 

influence blending performance, tablet weight variability and tablet hardness.(Morin & Briens, 

2013; Wang et al., 2010) The current unit operation models may need to be enhanced to 

incorporate more detailed information regarding the influence of lubricant content. This could be 

accomplished through data-based models like those described in Chapter 3. For instance, the 

maximum hardness parameter in the tablet hardness equation (12) could be modeled as an explicit 

function of lubricant content using a latent variable or response surface technique.  

This study also highlights the importance of considering multiple sensitivity metrics when 

evaluating a large number of potential process parameters. Regression based metrics like the 
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PRCC are useful for screening, but can fail to adequately account for parameters that influence 

process performance through interaction with other variables. For example in this case the PRCC 

indicates almost no sensitivity to agitator rotation rate in the blender. However it is clear from 

interaction metrics and total sensitivity indices obtained from RS-HDMR and Sobol’s method 

that this parameter can in fact influence process throughput. In addition, eFAST total sensitivity 

metrics indicate that material properties affect process throughput and mass holdup in various 

unit operations in a way that is not immediately apparent from screening methods like PRCC. By 

considering multiple sensitivity metrics in this work it is possible to have a more comprehensive 

understanding of input parameters and parameter interactions that significantly affect process 

outcomes.  
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Table 9: Uncertain inputs and their parameter distributions for global sensitivity analysis of the 

continuous direct compaction process 

 
Uncertain Input Distribution Mean Value Bounds /SD Units 

1 API feeder screw rpm Uniform 
 

[0.01,1.5] rpm 

2 API feeder gain Uniform 
 

[5,7] - 

3 
API feeder time 

constant 
Uniform 

 
[19,21] - 

4 
API feeder time delay 

factor 
Uniform 

 
[19,21] rpm 

5 
Excipient feeder screw 

rpm 
Uniform 

 
[1,2.2] rpm 

6 Excipient feeder gain Uniform 
 

[5,7] - 

7 
Excipient feeder time 

constant 
Uniform 

 
[19,21] - 

8 
Excipient feeder time 

delay factor 
Uniform 

 
[19,21] - 

9 
Lubricant feeder screw 

rpm 
Uniform 

 

[0.0162,0.01

72] 
rpm 

10 Lubricant feeder gain Uniform 
 

[5,7] - 

11 
Lubricant feeder time 

constant 
Uniform 

 
[19,21] - 

12 
Lubricant feeder time 

delay factor 
Uniform 

 
[19,21] - 

13 API mean particle size Normal 3.00E-05 3.00E-06 m 

14 API bulk density Normal 600 60 g/cm3 

15 
Excipient mean particle 

size 
Normal 2.00E-04 2.00E-05 m 

16 Excipient bulk density Normal 325 32.5 g/cm3 

17 
Lubricant mean particle 

size 
Normal 2.00E-05 2.00E-06 m 

18 Lubricant bulk density Normal 160 16 g/cm3 

19 Mixer rpm Uniform 
 

[5,15] rpm 

20 
Hopper aperture 

diameter 
Uniform 

 
[0.065, 0.14] m 

21 
Tablet press 

compression force 
Uniform 

 
[1415, 1930] KPa 

22 
Feed frame rotation 

rate 
Uniform 

 
[0.66,0.67] - 
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Table 10: Coefficients of determination for first and second order HDMR models 

Process response 1st order R2 2nd order R2 

Mixer outlet mass flow rate 86.91 83.99 

Mixer outlet density 91.85 68.12 

Mixer outlet RSD 75.37 75.37 

Mixer outlet API concentration 75.36 75.36 

Mixer outlet mean particle size 64.84 64.84 

Hopper outlet density 91.85 68.12 

Hopper outlet RSD 75.37 75.37 

Hopper outlet API concentration 95.58 84.43 

Hopper outlet mass flow rate 86.69 84.44 

Hopper mass holdup 82.9 68.94 

Feed frame mean residence time 0 0 

feed frame total flow rate 86.89 84.44 

Tablet press feed volume 0 0 

Tablet excipient concentration 94.93 85.14 

Tablet weight 91.85 68.12 

Tablet hardness 99.66 55.23 

Tablet RSD 75.37 75.37 

Tablet API concentration 95.58 84.43 
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Chapter 5 

5. Feasibility analysis of pharmaceutical processes 

5.1. Feasibility analysis and the concept of design space 

The concept of process feasibility can be useful in determining the design space for a 

pharmaceutical process. Feasibility describes the ability of a process to satisfy all relevant 

operating and production constraints in the presence of uncertainty. Feasibility analysis is 

concerned with identifying the range of conditions within which it a process can operate while 

satisfying these constraints. In other words, the goal of feasibility analysis is to identify the 

feasible operating region for a process. This feasible region is expressed in terms of the range of 

values for the uncertain parameters that the process can tolerate while maintaining feasible 

operation. (I. E. Grossmann et al., 2014) It should be noted that since feasibility analysis is 

conducted using a process model, uncertainty can also arise from plant-model mismatch. (Lima et 

al., 2010) 

For pharmaceutical manufacturing processes, it is imperative that product critical quality 

attributes are within their specified limits in order to ensure regulatory compliance and ultimately 

patient safety. (L. X. Yu, 2008)  Therefore the feasible operating region for a pharmaceutical 

process may be considered the region within which all constraints on product quality are satisfied. 

This region is defined with respect to sources of uncertainty in the process, such as variation in 

input material quality or disturbances in operating conditions. (Lima et al., 2010)  The feasible 

operating region for a pharmaceutical manufacturing process is thus comparable to the design 

space, which is by definition the region within which material of acceptable quality can be 

produced.  Therefore feasibility analysis can be applied to a pharmaceutical process to identify a 

region within which the process design space can be established.(F. Boukouvala et al., 2010a; 

Leopore & Spavins, 2008) It is important to realize that the boundaries of the feasible region 

correspond to the edges of failure for a process. This information can be used to guide the 
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selection of design space to ensure that it lies well within the feasible operating region.  It is not 

recommended that the boundaries of the feasible operating region be established as the design 

space for a process. 

5.2. Mathematical formulation of the feasibility test problem 

Rigorous mathematical formulations for process feasibility analysis were introduced in the 1980s 

in the process systems engineering literature. (I. E. Grossmann, Floudas, C.A., 1987; Morari, 

1983; Swaney & Grossmann, 1985a, 1985b) Mathematically, feasibility is defined according to 

the feasibility function Ψ(d,θ) shown in equation (50). In equation (50), d represents a given 

process design and z indicates a vector of control variables. θ represents a vector of uncertain 

parameters that vary on the interval  | L UT        where θL  and θU are lower and upper 

bounds respectively. These upper and lower bounds must be selected based on prior knowledge 

about the anticipated level of variability in the process. A set of state variables, x, describing 

intermediate process variables such as material flow rates, stream compositions and mass holdup 

in equipment are implicit equation (50). These variables are explicit functions of the design, 

control and uncertain variables and as such do not directly influence the feasibility of the process. 

The state variables are therefore expressed in terms of the relevant design, control and operating 

variables as x=x(d,z,θ). With this substitution the feasibility problem can be expressed in terms of 

design, control and uncertain variables alone, as in equation (50).  The functions gj are constraints 

on the process of the form gj(d,z,θ)≤0.  These must be satisfied in order for the process to operate 

successfully. (Biegler et al., 1997; Swaney & Grossmann, 1985a, 1985b) A set of equality 

constraints hi(d,z,θ)=0 that constitute a model describing the process physics must also be 

satisfied. 
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The feasibility function Ψ(d,θ) will be less than or equal to 0 for a given design d if, for that 

design, it is possible to adjust the control variables z in such a way that the constraints gj are 

satisfied for all T  . If Ψ(d,θ) ≤0 then the process is feasible for the given design over the 

range of uncertain parameters considered. If not, then the process is infeasible and cannot be 

made feasible through adjustment of the control variables. Figure 23 depicts the concept of 

feasibility for a process that has two uncertain variables (θ1 and θ2) and four constraints. The 

boundaries of the feasible region are shown as the region where the feasibility function Ψ(d,θ) is 

equal to 0. Figure 23a shows a process design that is feasible, because the feasibility function is 

less than or equal to 0 over the entire uncertain space T . Figure 23b depicts an infeasible process 

design. The range of the uncertain variables T  exceeds the boundaries of the feasible region in 

this case.  

 

 

Figure 23:  Geometrical representation of the concept of feasibility. a) depicts a process design that is 

feasible.  b) depicts a design that is infeasible. 

Problem (50) can be reformulated through the introduction of a scalar variable u, as shown in 

equation (51). This reformulation allows the problem to be solved using standard linear (LP) or 

nonlinear (NLP) programming solvers, depending on the nature of the constraints. (Biegler et al., 
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1997; I. E. Grossmann et al., 2014) In this formulation a process is feasible for the given design d 

if u is less than or equal to 0. 
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5.2.1. Dynamic feasibility analysis 

The concept of feasibility analysis can be extended to dynamic processes, wherein the process 

model incorporates differential equations with respect to time. In such processes it is possible for 

the state variables, the uncertain parameters and the control variables to change over time, thereby 

changing the feasible region. Initially formulations for dynamic feasibility analysis were very 

limited in terms of the type of dynamic behavior that could be evaluated (Holt & Morari, 1985a, 

1985b; Skogestad & Morari, 1987). Then in the 1990s Dimitriadis and Pistikopoulos (Dimitriadis 

& Pistikopoulos, 1995) introduced formulations for the dynamic feasibility problem based on the 

steady state formulation of Swaney and Grossmann (Swaney & Grossmann, 1985a, 1985b). This 

approach can be used to determine process feasibility given time-varying uncertainty for 

processes described by differential and algebraic equations.  

The concept of dynamic feasibility is illustrated in Figure 24, which shows the changing shape 

and size of the feasible region for a dynamic process over time. Figure 24a depicts the feasible 

region at some initial time t=t1. Figure 24b illustrates the feasible region at some later point in 

time t=t2. The value of one of the process constraints shifts during the time elapsed between t1 

and t2 and as a result, the feasible operating region at t=t2 differs from that at t=t1.  



84 

 

 

 

Figure 24: Geometrical representation of dynamic feasibility. a) shows the feasible region at some 

initial time t=t1. b) shows the feasible region for the same process at some later point in time t=t2. 

Between t=t1 and t=t2, one of the constraints shifts from its initial position along the dashed line to its 

final position, shown as a solid line in b. 

In order to describe the mathematical formulation for the dynamic feasibility problem it is first 

important to describe two different types of constraints that may be imposed on a dynamic 

process. The first are path constraints, shown in equation (52), which must be satisfied at all times 

during process operation. The second are point constraints, shown in equation (53), which only 

need to be satisfied at specific time points during the operation. Common examples of point 

constraints are those imposed at the beginning or end of a batch process, like conversion at the 

end of a batch reaction. (Dimitriadis & Pistikopoulos, 1995) For the continuous processes 

discussed in this work we will be concerned primarily with path constraints.  

( , ( ), ( ), ( ), ) 0pathg d x t z t t t           (52) 

 ( , ( ), ( ), ( ), ) 0    1, 2,...,point k k k k

kg d x t z t t t k NP         (53) 

In order to solve the dynamic feasibility problem it is also necessary to establish a time horizon 

(H) over which the process must remain feasible. Then the dynamic feasibility analysis problem 

can be formulated as shown in equation (54). This is comparable to the steady state formulation 

in (51), except that in this case the process model and the corresponding constraints are 
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differential functions of time. Note also that in this case the state variables are not expressed in 

terms of the design, control and uncertain parameters as it may not be straightforward to solve for 

them explicitly. 
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If u≤0 in equation (54) then there exists at least one dynamic control strategy characterized by z(t) 

that can satisfy the path and point constraints gj(d,x(t),z(t),θ(t),t)  for all possible profiles of the 

uncertain variables θ(t) within the time horizon tϵ[0,H].   

The solution of problem (54) is much less straightforward than that of problem (51) due to the 

presence of differential equations. These can be addressed in a number of ways. One option is to 

embed a differential equation solver into the optimization algorithm. The differential equations 

can then be solved for each control profile and/or set of decision variables selected by the 

optimizer. This approach can result in long solution times because it requires the solution of all 

differential equations at each iteration.  An alternative approach is to convert some or all of the 

differential equations into algebraic equations. This can be accomplished via control 

parameterization or full discretization. In control parameterization the vector of controls is 

partitioned along the time horizon (H) into a subset of control intervals that may vary in length 

using a set of finite parameters. (Vassiliadis et al., 1994a, 1994b) The resulting problem still 

contains both differential and algebraic equations since only the control variables are discretized. 

Alternatively, all of the equations in the dynamic feasibility problem can discretized with respect 

to time. This approach is known as direct transcription and results in a system of algebraic 

equations only. Both algorithms generate nonlinear programming (NLP) problems that can then 
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be solved using commercially available algorithms which may or may not be coupled with 

differential equation solvers. (Biegler, 2007)  

5.3. Surrogate-based feasibility analysis 

The feasibility and dynamic feasibility problems (51) and (54) can be formulated in such a way 

that they are able to be solved using commercially available deterministic optimization solvers. 

However these solvers have certain limitations which make them less than ideal for solving the 

types of problems frequently encountered in pharmaceutical process development. For instance, 

they require explicit, differentiable functions for all off the process constraints (gj(d,z,θ)). In 

pharmaceutical applications it is often necessary to use reduced-order or black-box models like 

those discussed in Chapter 3, which may not satisfy these requirements. In addition, deterministic 

solvers sometimes experience difficulty when dealing with large or complex optimization 

problems. (Biegler et al., 1997) Flowsheet models of pharmaceutical processes may become quite 

large, containing thousands of differential, algebraic and integral expressions.(F. Boukouvala, 

Chaudhury, et al., 2013; F. Boukouvala et al., 2012) Surrogate-based optimization methods can 

be employed to address some of these challenges. In the context of feasibility analysis, surrogate-

based methods have the added benefit that they do not require inferences regarding the convexity 

of the feasible region. (F. Boukouvala & M. Ierapetritou, 2012; F. Boukouvala & M. G. 

Ierapetritou, 2012)  

As their name implies, surrogate-based optimization methods involve building surrogate 

representations for the function to be optimized. These representations tend to be lower in 

computational cost than the complex process models they approximate.  The optimization 

problem can then be solved using the surrogate model rather than the original complex process 

model. The surrogate-based feasibility problem can formulated as shown in equation (55), where 

gk is a set of black-box constraints whose values are obtained from a surrogate model. In this 
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work, all constraints for a process will be represented using a single surrogate function, following 

the method of Boukouvala and Ierapetritou (F. Boukouvala & Ierapetritou, 2014). 
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Surrogate-based feasibility analysis involves sampling the uncertain space, evaluating the process 

model to determine the feasibility function value for each realization of the uncertain parameters, 

building a response surface for the feasibility function, and ultimately using this to identify the 

boundaries of the feasible region. Algorithms for surrogate-based feasibility analysis tend to be 

iterative in nature, with the surrogate representation being updated until it is sufficiently accurate 

to be used for feasibility analysis. A general overview of the iterative procedure for surrogate-

based feasibility analysis is provided in Figure 25. 
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Figure 25: General overview of an iterative algorithm used for surrogate-based feasibility analysis 

5.3.1. A novel method for surrogate-based feasibility analysis 

Many of the challenges associated with implementing surrogate-based optimization methods arise 

in the development of the surrogate model. It is important to select a surrogate representation that 

can accurately represent the features of the objective function (e.g. smoothness, nonlinearity), or 

in the case of feasibility analysis the feasible region, which may not be known ab initio. It is also 

necessary to balance model accuracy requirements with the number of samples used to develop 

the surrogate model.(Jones et al., 1998) When evaluating process feasibility based on a surrogate 

model one must also acknowledge that the surrogate model is not a perfect representation, and it 

may therefore be desirable to explicitly account for prediction uncertainty when evaluating the 

feasible region. In this section a novel algorithm for surrogate-based feasibility that addresses 
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each of these challenges is presented. This method is then demonstrated using a series of case 

studies to demonstrate its ability to deal with nonconvex, nonlinear and disjoint problems. Finally 

it is applied to a pharmaceutical roller compaction process.  

Selecting a surrogate model 

Surrogate functions can be developed using any of the response surface techniques described in 

Chapter 3. Both High Dimensional Model Representation(I. Banerjee, Ierapetritou, M.G., 2002; I. 

Banerjee, Pal, S., Maiti, S., 2010) and kriging (F. Boukouvala & M. G. Ierapetritou, 2012)   have 

previously been demonstrated in the literature as surrogate methods for black-box feasibility 

applications. For this work kriging is selected due to its demonstrated ability to model 

pharmaceutical processes effectively (F. Boukouvala et al., 2010b; Jia et al., 2009) and because 

the estimate of prediction variance provided by kriging is a useful feature for adaptive sampling 

strategies in surrogate-based optimization.(F. Boukouvala & M. G. Ierapetritou, 2012; Jones, 

2001) When developing a kriging model, one can select from a variety of regression and 

correlation models, including but not limited to those enumerated in Table 2. In the presented 

algorithm, an initial model selection phase is implemented to find a combination of correlation 

and regression models that minimize prediction variance for the surrogate feasibility function. 

The model selection process is conducted using the samples collected in the initial design of 

experiments (DOE) step of the surrogate-based feasibility algorithm. These samples are used to 

build a model using each combination of regression and correlation models. The model 

combination providing the best prediction accuracy is selected for the surrogate representation. 

Because the initial number of samples is limited, model building is quick. The model selection 

phase was completed in less than 1 cpu-second for the case studies presented in this work.  

Balancing model accuracy and sampling requirements 

Adaptive sampling strategies can be employed to develop accurate surrogate representations 

without exhaustively sampling the original process model. (F. Boukouvala & M. G. Ierapetritou, 

2012) After building an initial response surface based on a limited number of function 
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evaluations, additional samples can be added iteratively. The goal of an adaptive sampling 

strategy is to select these samples in such a way that they improve the current surrogate 

representation to the greatest extent possible. A variety of search methods to direct additional 

sampling have been reviewed by Jones (Jones, 2001). In this work, the modified expected 

improvement function introduced by Boukouvala and Ierapetritou (F. Boukouvala & M. G. 

Ierapetritou, 2012) is used. This criterion is specifically intended to identify samples that will 

improve the current representation of the feasible region boundary. The modified expected 

improvement function is shown in equation (56), where U represents the value of the feasibility 

function, su is the variance of the kriging predictor and φ is the standard normal distribution 

function. Thus equation (56) can be used to determine the probability that the value of the 

feasibility function evaluated at a particular point in the uncertain space is equal to 0 given the 

uncertainty associated with the feasibility prediction. By maximizing equation (56) over the 

uncertain variables θ it is possible to locate additional samples along the boundary of the feasible 

region.  
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Maximizing the expected improvement (EI) function is a nontrivial problem, as this function is 

asymptotic and highly nonlinear. To illustrate these features, Figure 26 shows the feasible region 

and expected improvement values for the Branin function, a test problem for global optimization 

which has 3 disjoint feasible regions. (Jones, 2001; Sasena et al., 2002) The boundaries of these 

regions are indicated by the white contours in Figure 26. The expected improvement function is 

asymptotically 0 at a sufficiently large distance from the boundary of the feasible region. In the 

area surrounding the feasible region the expected improvement function is highly nonlinear. This 

nonlinearity arises from the fact that the prediction variance depends on the proximity of 

previously collected samples.  Maximizing the expected improvement is also challenging because 

the quantities U and su are obtained from a black-box model. As such, analytical derivatives for 
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these functions are not available, making it difficult to use direct-search methods for 

optimization. In prior work, a global multi-start black-box optimization solver (TOMLAB/ LGO) 

has been used to evaluate the expected improvement function. This global search can slow down 

the model improvement phase of the surrogate-based feasibility algorithm. In addition, it requires 

a global black-box solver to be embedded within the black-box feasibility algorithm.  

 

Figure 26: Contours of the expected improvement for the Branin function(Jones, 2001), which has 3 

disjoint feasible regions. The boundaries of the feasible region are shown in white. The magnitude of 

the expected improvement function is indicated by the contour colors.  

In this work, an alternative method for evaluating the expected improvement function is proposed 

that can reduce computational time and does not require a global black-box solver. This method 

involves first identifying a set of candidate points that have promising expected improvement 

values. Candidate points are evaluated by sampling the uncertain space using a uniform grid, and 

identifying points with an expected improvement value greater than a user specified tolerance. 

These candidate points are then clustered using k-means clustering. The cluster centers are used 

as starting points for a local optimization algorithm, in this case an interior-point method, which 
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identifies locally optimal values of the expected improvement function. If two local optima are 

less than some distance δ from one another or from an existing design site, then only the one of 

the two points is retained in the sample set. This is done to limit the number of samples added at 

each iteration of the algorithm. It is particularly important to limit sampling when the original 

process model is very computationally expensive to evaluate. (Müller et al., 2013) The proposed 

approach to evaluating the expected improvement function is illustrated visually in Figure 27, 

which depicts the process of identifying new sample points for the Branin function. The set of 

candidate points, shown in black, have expected improvement values greater than a tolerance of 

1x10-5. The cluster centers after k-means clustering are shown in blue, and the locally optimal 

points to which they converge are shown in red. These points tend to lie on the boundaries of the 

feasible operating region, which have high expected improvement values as shown in Figure 26.   

 

Figure 27: Visual representation of the local solution method for the expected improvement function 

applied to the Branin function. Boundaries of the feasible region are depicted by dashed black lines. 

The candidate points are shown in black. These are clustered using k-means clustering to obtain the 

points shown in blue. Cluster centers are used as initial conditions for a local optimization algorithm 

to obtain the local optima in red.  
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Remarks on model accuracy 

It is important to recall that when implementing a surrogate-based approach for feasibility 

analysis, the surrogate model will have some degree of prediction error relative to the original 

process model. In the context of using feasibility analysis for design space evaluation, it is 

preferable for the surrogate model to be conservative relative to the original process model. In 

other words, it is better for the surrogate model to predict that the feasible region is slightly 

smaller than it actually is than to predict that it is larger than it actually is. The latter, not 

conservative, situation could result in setting specifications on the uncertain parameters that may 

result in unacceptable product quality. One way to ensure that the predicted feasible region is 

conservative, is to explicitly consider prediction uncertainty for the surrogate feasibility model. It 

is straightforward to account for prediction error when using a kriging response surface, as an 

estimate of the variance for the kriging predictor is provided every time the model is evaluated.  

In this work two ways of accounting for model prediction error are considered. The first method, 

hereafter referred to as the probabilistic approach, evaluates the cumulative probability 

distribution function for each predicted value of the feasibility, as shown in equation (57). P(U) 

indicates the probability that the predicted feasibility function value U lies between negative 

infinity and 0 given the prediction variance su. It can be seen from equation (57) that P(U) 

depends exponentially on the negative inverse of the prediction variance. Thus as the prediction 

variance increases the probability decreases rapidly. Recall that the prediction variance for a 

kriging predictor depends on the number of nearby design sites. In the case of surrogate-based 

feasibility analysis, many samples are collected near the boundary of the feasible region, where 

U=0. However considerably fewer samples are collected well within the feasible region, where 

U<<0. Therefore it is possible for P(U) to evaluate to 0 at locations well within the feasible 

region due to less dense sampling in this area. For this reason, the approach in equation (57) is 

recommended only when seeking to identify the boundary of the feasible region. In this context, a 
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criterion can be specified for P(U) and the contours of the cumulative distribution function equal 

to this criterion can be selected as the boundary of the feasible region. 
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An alternative approach to considering model prediction error is to simply adjust the feasibility 

prediction by the variance, as shown in equation (58). This is hereafter referred to as the adjusted 

feasibility approach. The adjusted feasibility Û  is more conservative than the predicted 

feasibility U by an amount equal to the square root of the prediction variance. This is similar to 

the approach of dealing with “possible infeasibility” introduced by Caballero and Grossmann 

(Caballero & Grossmann, 2008). However in their work the kriging prediction error was used to 

make the predicted feasible region less conservative by permitting any constraint violation with a 

magnitude lower than the error in the kriging predictor.  

ˆ
uU U s              (58) 

Unlike the probabilistic feasibility metric, the adjusted feasibility does not vary exponentially as 

the prediction variance. For this reason it tends to work well even for points well within the 

boundaries of the feasible region. The adjusted feasibility metric can therefore be used to identify 

points as feasible or infeasible throughout the uncertain space  | L UT       . 

The approaches described in equations (57) and (58) will both be demonstrated in section 0, 

where it is shown that both methods provide a conservative estimate of the feasible region 

relative to the original process model. Depending on the criterion selected for P(U), the latter 

approach may be either more conservative or less conservative than the former approach when 

identifying the boundaries of the feasible region. For the purpose of classifying samples randomly 

drawn from the entire uncertain space T as feasible or infeasible, the adjusted flexibility metric is 

recommended, as the probabilistic metric is most accurate in densely sampled regions.  

Surrogate-based Feasibility Analysis Algorithm 
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A novel algorithm for surrogate-based feasibility analysis is now presented. This algorithm takes 

advantage of the features described above to generate an accurate surrogate model in a 

computationally efficient fashion. This method explicitly accounts for prediction uncertainty in 

evaluating the feasible region.  

The algorithm is summarized in Figure 28. Initially, the uncertain space is sampled based on a 

design of experiments (DOE). For the two dimensional case studies presented in this work, 

samples are collected from a uniform grid across the uncertain space with 7 samples in each 

dimension. This results in 49 initial samples. During the model selection step, the combination of 

regression and correlation model that provides the lowest prediction variance is selected. The 

regression and correlation models considered are summarized in Table 2. During the model 

improvement phase, a local optimization method is used to search for new sample points. The 

expected improvement function is evaluated for a uniform grid across the uncertain space 

consisting of 100 samples (10 in each dimension). Points with expected improvement values of 

greater than 1x10-5 are considered part of the candidate set. Starting points for local optimization 

of the expected improvement function are identified via k-means clustering. The number of 

cluster centers is specified to be less than one-tenth the size of the candidate set. The maximum 

number of clusters is set to 10, so that the number of clusters (N) can be determined as 

N=min(floor(Nc/10),10), where Nc is the number of points in the candidate set. An upper bound 

on the number of cluster centers is needed to limit the number of samples added during each 

iteration of the algorithm. The N cluster centers are then used as initial points to find a set of local 

maxima for the expected improvement function using an interior-point algorithm. This provides a 

set of potential new design sites xi, where i=1,2,…,N. In order to avoid adding samples that are 

very close to existing design sites, and in case multiple cluster centers converge to the same local 

optimum, any new points that are within a certain Euclidean distance (dij) of an existing design 

site are removed from the set. In this case the minimum Euclidean distance between points (δ) is 

selected to be 1x10-4. The algorithm model improvement phase will terminate if the maximum 
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expected improvement value is less than a certain tolerance (ɛ1=1), or if the change in expected 

improvement less than a tolerance of ɛ2 =0.1. If all of the new samples identified during the model 

improvement phase are within distance δ of existing design sites, then the set of new samples is 

empty and the model improvement phase will terminate. If none of these criteria are met, the new 

samples identified based on the expected improvement function are added to the existing set of 

design sites and the algorithm goes through another model-building iteration. Once the 

termination criteria are met, the final model can be used to evaluate the feasibility function. At 

this point the probabilistic feasibility metric and the adjusted feasibility metric can be employed 

to ensure that the predicted feasible region is conservative relative to the true feasible region for 

the process. 
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Figure 28: Algorithm for surrogate-based feasibility analysis, using a local search approach to select 

new sample points in model improvement phase and accounting for model prediction uncertainty 

when evaluating the feasibility function 

Illustrative Case Studies 

The surrogate-based feasibility method described in section 5.3.1 is first demonstrated using 

several benchmark problems from the literature. These include a nonlinear, nonconvex test 
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problem first introduced by Banarjee and Ierapetritou (I. Banerjee, Ierapetritou, M.G., 2002) and 

the Branin function, a well-known benchmark problem in optimization. (Jones, 2001; Sasena et 

al., 2002) In this case the modified Branin function introduced in Sasena et al. (Sasena et al., 

2002) is used as a constraint to demonstrate the proposed method on a problem with disjoint 

feasible regions.  Both the local approach described in section 5.3.1 and the global the approach 

previously described in the literature (F. Boukouvala & Ierapetritou, 2013; F. Boukouvala & 

Ierapetritou, 2014) are used to evaluate the expected improvement function for these test 

problems. This is done in order to compare the two methods and show that the local approach can 

provide comparably accurate surrogate models at reduced computational expense.   

Nonlinear Nonconvex Test Problem 

The nonlinear, nonconvex test problem includes two uncertain variables (x1,x2) and is defined by 

three constraints, as shown in equation (59). The contours of the feasibility function and the 

boundaries of the corresponding feasible region are depicted in Figure 29. 
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Figure 29: Contours of the feasibility function for the nonlinear nonconvex test problem shown in 

equation (59). The boundary of the feasible region is indicated by the bold, black contour.  

Branin function 

The Branin function also includes two uncertain variables (x1,x2) and is defined by a single 

constraint as shown in equation (60). The contours of the feasibility function and the boundaries 

of the corresponding feasible region are depicted in Figure 30. 
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Figure 30: Contours of the feasibility function for the Branin function shown in equation (60). The 

boundary of the feasible region is indicated by the bold, black contour. 

Comparison of local and global solution approaches for the expected improvement function 

 

Table 11 compares the performance of the local and global approaches to evaluating the expected 

improvement function for the two test problems. In this study, the number of function calls is kept 

constant for both methods so that any differences in the cpu-time can be attributed to differences 

in the expected improvement phase alone. In addition to the cpu-time, the expected improvement 

(EI) value upon algorithm termination and the maximum prediction variance associated with the 

resulting model are reported.  The ability of the model to correctly identify feasible or infeasible 

regions of the uncertain space is also evaluated over a set of 10,000 validation points. Based on 

the results reported in  

Table 11 it is clear that the local expected improvement method can significantly reduce 

computational time for the surrogate-based feasibility algorithm. In addition, the resulting models 

are comparably accurate, as indicated by the prediction variance. The models produced using 

both the local and global EI methods can correctly characterize validation points as feasible or 

infeasible and tend to be conservative relative to the true feasible region.  
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The local and global approaches to evaluating the expected improvement for the Branin function 

are compared in Figure 31. The true contours of the feasible region are depicted along with the 

contours obtained using the surrogate model. The samples collected during the expected 

improvement phase are superimposed on the plot to show their location relative to the boundaries 

of the feasible region. Although the local approach tends to result in slightly denser clusters of 

data points along the boundary of the feasible region, the ability of the resulting model to 

accurately classify validation points as feasible or infeasible is comparable as shown in Table 11. 

.  

 

Figure 31: Comparison of a)Global and b)Local approaches to evaluating the expected improvement 

function for the Branin function (equation (60)). The true contours of the feasible region are shown 

in black. The contours of the predicted feasible region are shown in blue. The points added during 

the expected improvement phase are scattered in red. 

Surrogate-based estimation of the feasible region 

The feasible region identified by the surrogate-based approach agrees well with the analytically 

obtained feasible region for the two test problems considered. This is demonstrated by Figure 32, 

which shows the analytically obtained feasible region (U) as well as the surrogate-based feasible 

region (Upred) for both test problems. These are nearly identical in both cases. As Table 11 

indicates, the surrogate model incorrectly classifies infeasible points as feasible less than one 
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percent of the time. However, in the case of design space evaluation it is important to ensure that 

the surrogate-based approach is conservative relative to the original model. In order to do this, the 

prediction variance is explicitly considered as described in section 5.3.1. By incorporating the 

prediction variance, the estimated feasible region is conservative relative to true feasible region 

for both test problems one hundred percent of the time. This is demonstrated by the green and red 

contours in Figure 32, which demonstrate the probabilistic approach (equation (57)) and the 

adjusted feasibility approach (equation (58)) of accounting for prediction uncertainty. Depending 

on the selected criterion for P(U), the probabilistic approach may be either more or less 

conservative than the adjusted feasibility approach. In this work criteria ranging from P(U)=0.9 

to 0.5 were evaluated and it was found that P(U)=0.75 provided a conservative approximation of 

the feasible region without cutting off a significant portion of the feasible operating space. These 

criteria are depicted in Figure 33 for the nonlinear nonconvex test problem.  

 

Figure 32: Feasible region for a) nonlinear nonconvex test problem and b) Branin function. 

Probabilistic metric (P(U)) and adjusted feasibility (Upred Adj) are more conservative relative to true 

feasible region (U) than surrogate model (Upred) 
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Figure 33: Comparison of different criteria for the probabilistic approach to considering prediction 

uncertainty. Different criteria for P(Ψ(d,θ))≤0 are considered. P(U)=0.75 is conservative without 

excluding large portions of the feasible region. 

5.3.2. Extension to dynamic surrogate-based feasibility analysis 

The surrogate-based feasibility algorithm presented in Figure 28 can be readily extended to 

problems of dynamic feasibility analysis with a few modifications. First, it is necessary to 

generate a surrogate model that is an explicit function of time. Fortunately kriging can be readily 

applied to model dynamic systems, so the model selection approach can remain the same as for 

the steady state case. (F. Boukouvala et al., 2011) However there are several important sampling 

issues to consider in the dynamic case. The most significant of these is the frequency with which 

data will be sampled from the dynamic process model. High frequency sampling can result in a 

large number of design sites, especially if the time horizon (H) over which the dynamic problem 

will be solved is long. While fitting algorithms for kriging are generally computationally 

efficient, it is necessary to calculate the Euclidean distance between pairs of design sites in order 

to fit the correlation model. (Kleijnen, 2009) For software packages like DACE, which are 

implemented in MATLAB, fitting a model can become prohibitive when the number of design 
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sites exceeds 10,000. It is also important to consider the effect of dynamics during the model 

improvement stage. The samples that provide the best expected improvement may not be the 

same at all points along the time horizon. However it is not possible to selectively sample certain 

realizations of the uncertain parameters at a particular point in time tk without first evaluating the 

process model from time 0 all the way to time tk.   

In order to address the first of these issues, an upper limit is placed on the number of samples that 

can be collected across the entire time horizon. These samples are uniformly spaced across the 

time horizon so that information is extracted from the simulation at tk unique points in time, 

where k=1,2,…,N. Thus for each realization of the uncertain parameters, the process model is 

evaluated along the time interval  0,t H . The value of the feasibility function is stored at time 

points corresponding to t=tk. The second issue is addressed by evaluating the expected 

improvement function at specific points in time to identify new sample points with respect to the 

uncertain parameters. The evaluation of the expected improvement function is also completed in 

such a way that new samples are obtained for points uniformly spaced along the time horizon. 

The process model is then evaluated for the full time horizon for each realization of the uncertain 

parameters identified during the model improvement phase.  

The algorithm for dynamic surrogate-based feasibility analysis is presented in Figure 34. Only the 

steps which differ from the steady-state algorithm will be discussed in detail. During the initial 

sampling stage, the design of experiments is conducted with respect to the uncertain parameters. 

The sampling strategy is the same as that used for the steady state case, with 49 samples collected 

for the two parameter case studies used in this work. The process model is evaluated for each set 

of uncertain parameters in the initial DOE and data is collected at discrete time points, denoted tk, 

uniformly sampled along the time horizon. For the case studies used in this work, which are 

restricted to problems with two uncertain variables, the value of N is selected such that data is 

collected every 2 seconds. During the model improvement phase, the previously presented local 
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optimization strategy is used to maximize the expected improvement at each discrete time point 

tk. For each tk, the local solution with the best expected improvement value is selected as the next 

model evaluation point. Thus a set of new design sites xk where k=1,2,…,N is obtained. Each 

design site corresponds to the best expected improvement for a particular time point tk. As in the 

steady state algorithm, new points that are too close to existing design sites are eliminated from 

the sample set prior to evaluating the process model. The same termination criteria are applied as 

in the steady state case as well. Once a final surrogate model is obtained, it can be used to 

evaluate the feasible region at different points in time. It can also be used to examine the 

trajectory of the feasibility function over time and determine how long it will take for a process to 

resume feasible operation following a disturbance. 
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Figure 34: Algorithm for dynamic surrogate-based feasibility analysis 

Case study: Dynamic Feasibility Test Problem 

The dynamic surrogate-based feasibility algorithm is demonstrated using a test problem for which 

the shape and size of the feasible region change over time. This problem is specified by equation 

(61), and the contours of the feasible region are depicted in Figure 35. The feasible region is 
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initially non convex in nature, but over time becomes convex. The size of the feasible region also 

changes such that the feasible region at t=15 is significantly smaller than that at t=0.  
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Figure 35: Contours of the feasibility function for the dynamic feasibility test problem (equation 

(61)). The shape and size of the feasible varies with time.  

The local optimization approach to evaluating the expected improvement function provides 

significant computational savings for the dynamic feasibility test problem, as indicated by the 

significantly shorter cpu-times for the local method shown in Table 11. 
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A comparison of the performance for the local and global approaches to evaluating the expected 

improvement function for the dynamic test problem is shown in Figure 36. The true contours of 

the feasible region are depicted along with the contours obtained using the surrogate model. The 

samples collected during the expected improvement phase are superimposed on the plot to show 

their location relative to the boundaries of the feasible region. The local and global approaches 

both provide accurate surrogate models, but the local approach does so at approximately one third 

the computational cost. The additional samples collected by the local and global methods are also 

comparable, as indicated by Figure 36.  

 

Figure 36: Comparison of a)Global and b)Local approaches to evaluating the expected improvement 

function for the dynamic feasibility test problem (equation (61)). The true contours of the feasible 

region are shown in black. The contours of the predicted feasible region are shown in blue. The 

points added during the expected improvement phase are scattered in red. 

The surrogate model developed using the proposed algorithm correctly classifies feasible or 

infeasible points in the uncertain space over 99 percent of the time for a validation set of 10,000 

data points. In addition, the surrogate model can accurately reflect the changing shape of the 

feasible region over the time horizon as indicated by Figure 36. It is important to note that even 

for the times between the discrete times points tk the surrogate model can accurately represent the 
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feasibility contours. This is consistent with the interpolating nature of kriging 

metamodels.(Calder & Cressie, 2009)  

The surrogate-based method for dynamic feasibility analysis offers significant advantages over 

the methods discussed section 5.2.1. These methods require explicit differentiation of the control 

trajectories and may also require full differentiation with respect to the uncertain parameters. 

Deterministic solvers also require explicit, differentiable functions for all constraints. Surrogate-

based methods do not require any differentiation, and do not mandate closed-form functions for 

the constraints. Thus these methods can be applied to a much broader set of problems that might 

not be readily solved using traditional approaches to evaluating the dynamic feasibility problem. 

However, surrogate-based methods also suffer from several disadvantages. They are only valid 

over the dataset for which samples have been collected and should not be used to extrapolate 

beyond the tested uncertain space. In addition, it is difficult to prove global convergence for 

surrogate-based optimization problems, so there will always be some degree of uncertainty 

associated with the predicted feasible region.(Agarwal & Biegler, 2013)  

Table 11: Comparison of local and global methods of evaluating the expected improvement function 

for two test problems. *Over a validation set of 10,000 samples, the percentage of samples correctly 

identified as feasible or infeasible by the surrogate model is reported. **In addition, the percentage 

of infeasible samples incorrectly classified as feasible is reported as the percent of samples for which 

the surrogate model is not conservative relative to the original function 

Problem Method Iter Func 

calls 

Time 

(cpu-s) 

EI Maximum 

prediction 

variance 

% 

correct* 

% not 

conservative** 

Nonlinear 

nonconvex 

example 

Global 153 152 270 0.2 12 99.0 0.61 

Local 42 152 59 0.4 6.6 98.5 0.93 

Branin 

function 

Global 153 152 266 3.6 659 99.9 0.04 

Local 40 154 59 4.7 704 99.7 0.09 

Dynamic 

feasibility 

test 

problem 

Global 34 265 10183 0.01 1.1 99.5 0.15 

Local 34 265 3394 0.01 1.0 99.5 0.17 
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5.4. Surrogate-based feasibility analysis of a roller compaction process 

Having demonstrated that the proposed steady state and dynamic feasibility algorithms can 

accurately generate surrogate models for the feasible region using various test problems, the 

proposed approach can be applied to a pharmaceutical case study. The methods described in 

section 5.3 are used to evaluate the feasible region for a pharmaceutical roller compaction process 

modeled by the dynamic Johanson’s model (Hsu et al., 2010b) described in Chapter 2. The model 

equations used to simulate the roller compaction process are shown in problem (62). The specific 

parameter values used in this case study are provided in Table 12 at the end of this chapter. These 

values are based on the steady state conditions reported in the literature. (Hsu et al., 2010b) 
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    (62) 

The goal of this analysis is to identify the feasible operating region for the roller compaction 

process in the presence of plant-model mismatch and uncertainty in input material quality. 

Process feasibility is evaluated with respect to constraints on the quality attributes of the ribbon, 

namely the ribbon thickness (h0) and the ribbon density (ρexit). These constraints are shown in 
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equation (63). Two sources of uncertainty are considered; variability in the powder density 

entering the system (ρin) and uncertainty in the estimated inlet angle (θin), a parameter in 

Johanson’s model. Three control variables, the hydraulic pressure applied by the rolls (Ph), the 

roll speed (ω) and the powder feed speed (uin) can be manipulated in order to maintain feasible 

operation in the presence of disturbances. In order to account for the effect of control variables 

when simulating the process, a control calculation is embedded into the simulation of the roller 

compaction process. The controller set points (Pd, ωd, ud) are obtained by minimizing the 

violation of the constraints in equation (63) over the three control variables. The controller 

dynamics are given by equation (64). Additional information regarding model-based control 

schemes for this process are discussed at length in the literature (Hsu et al., 2010a, 2010b) and are 

therefore not presented here. 
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The response of the roller compaction process to changes in the inlet density (ρin) and the inlet 

angle (θin) can be simulated using equations (62) and (64). In this case the process is simulated for 

28 seconds, by which time the quality attributes have reached their new steady state values. A 

representative process trajectory for the dynamic simulation is shown in Figure 37. A disturbance 

in the uncertain variables is introduced at t=0 seconds. Control action is taken to bring the 

process back to feasible operation such that all quality constraints are satisfied. The quality 

attributes have returned to feasible values by the end of the time horizon, H=28 seconds. 
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Figure 37: Representative process trajectory for a roller compaction process. The process is 

initialized at steady state conditions. At t=0 a disturbance in the uncertain parameters (ρin and θin) is 

introduced. The controller acts to return the process to feasible operation.  

In the absence of a surrogate-based approach, the steady state feasibility analysis problem for the 

roller compaction process would be formulated as problem (65). This has the potential to be 

computationally expensive to evaluate, and would require reformulation to express the integral 

terms as algebraic expressions.  
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Reformulating problem (65) using surrogate-based feasibility analysis provides the far simpler 

optimization problem (66), where Upred is the surrogate feasibility function. Note that the control 

variables Ph, ω and uin do not appear explicitly in problem (66), as they are manipulated by the 

controller in the dynamic simulation. Therefore the control trajectories are an explicit function of 

the uncertain parameters.  
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          (66) 

Problem (66) can be solved using the surrogate-based feasibility algorithm presented in Figure 

28. This can be used to identify the contours of the feasible region with respect to the two 

uncertain parameters, the inlet density ρin and the inlet angle θin. The steady state feasible region 
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for the roller compaction process is shown in Figure 38. The feasible region obtained using the 

surrogate-based approach (problem (66)) is compared with that obtained by solving the original 

feasibility problem formulation (problem (65)). The surrogate-based approach provides a very 

accurate representation of the steady state feasible region. If desired, the probabilistic feasibility 

metric or the adjusted feasibility metric can also be calculated. For the steady state roller 

compaction case study, these metrics provide a conservative estimate of the feasible region 

relative to the original process model without significantly reducing the size of the feasible 

operating space.  

 

Figure 38: Feasible region for the roller compaction process. Contours of the feasible region 

identified by solving problem (65) are shown in black (U). Contours of the feasible region from the 

surrogate-based problem formulation (66) are shown in blue (Upred). The contour corresponding to 

P(U)=0.75 is shown in green and the adjusted feasibility metric (Upred Adj) is shown in red.  

In addition to guiding the selection of design space, the results of the steady state feasibility 

analysis can be used to suggest potential strategies to enhance the robustness of the roller 

compaction process. For instance, improving the estimate of the inlet angle could broaden the 

feasible region with respect to the inlet density. Specifically, if the estimated inlet angle was 
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between 0.38 and 0.48 radians with a high degree of confidence, then it would be possible to 

ensure that the entire range of anticipated inlet densities could be tolerated by the process. The 

feasible region also seems to suggest that higher inlet densities (>400 kg/m3) might perform well 

with respect to the quality attributes of the ribbon. Therefore it might be worthwhile to consider a 

formulation with higher bulk density if possible.  

The roller compaction process is dynamic in nature, as indicated by problem (62). Therefore it is 

also of interest to examine the dynamic feasibility of the system with respect to the uncertain 

parameters. This can be accomplished using the dynamic surrogate-based feasibility formulation 

shown in equation (67). Note that in this case the uncertain parameters are not explicit functions 

of time, as we consider only the case where a step change in the uncertain parameters is 

introduced at time=0 seconds. The system then responds over the time horizon  0,28t  as 

shown in Figure 37.  

 
, ,

min max

min max

min , ,

. . ,

,

in in
pred in in

t

in in in

in in in

U t

s t

 
 

  

  

   

   

         (67) 

The results of dynamic feasibility analysis can be used for a number of purposes. The first is to 

determine whether the roller compaction process will return to feasible operation for a given 

combination of the inlet density and inlet angle and, if so, how long this will take. This can be 

accomplished by examining the feasibility trajectory for the process, as depicted in Figure 39. It 

should be noted that since the two quality attributes (ribbon thickness and ribbon density) have 

very different magnitudes the value of the constraint violations (u in equation (65)) are scaled to 

the upper bound for each attribute. This ensures that the solution is not biased towards conditions 

that prevent a violation of the ribbon density constraint. Based on the feasibility trajectories 

shown in Figure 39, it is clear that the surrogate model can accurately capture the dynamic 

response of the feasibility function to changes in the uncertain parameters. In addition, it can be 



116 

 

 

seen that the feasibility function tends to respond as a decaying exponential to changes in the 

uncertain parameters, with the process generally returning to feasible operation within 20 

seconds. Therefore it would be anticipated that the feasible region at 5 seconds would be much 

smaller than that at 10 seconds, but that the feasible region at 20 seconds would not be 

significantly different from that observed at 25 seconds. In fact this is consistent with the 

observed feasible regions, which are shown in Figure 40. The feasible regions in Figure 40 can 

also be used to identify changes in the uncertain parameters from which the process can recover 

most quickly. These results indicate an inverse relationship between the two uncertain 

parameters. Combinations of low inlet density with high values of the inlet angle or high inlet 

density with low values of the inlet angle are easiest for the process to recover from quickly. This 

is significant because it implies that the true value of the inlet angle can significantly influence 

the size of the feasible region immediately following a change in inlet material quality. 

  

Figure 39: Feasibility trajectories for the dynamic roller compaction process at six different 

realizations of the uncertain parameters. Values of the inlet density (ρin) and inlet angle (θin) are 

given in the title. The feasibility trajectories obtained from the original process model are shown in 

blue. Those predicted by the surrogate function are shown in black.  
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Figure 40: Feasible region for dynamic roller compaction process at various points along the time 

horizon, specifically t=5,10,15 and 20 seconds. The feasible region obtained from the original process 

model (U) is compared with the feasible region obtained from the surrogate-based approach. The 

conservative feasibility metrics P(U) and the adjusted feasibility are also shown.  

The surrogate-model developed for the feasibility function evaluates quickly relative to the 

original process model. The surrogate-based model can evaluate for a time horizon of  0,28t  

seconds in less than 1 cpu-second while the original process model takes 39 cpu-seconds to 

evaluate. The computational time associated with the original process model would render it 

ineffective for use in model-predictive control applications. However, the reduced-order model 

could be used for such applications due to its efficiency. The surrogate-based model can also be 

used to rapidly generate many scenarios to evaluate the effect of the uncertain parameters on 
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process feasibility over time. It is therefore more appropriate for applications such as variance-

based sensitivity analysis or constrained global optimization. 

5.5. Conclusions and Areas for Future Work 

In this chapter, the concept of feasibility analysis has been introduced. Feasibility analysis can be 

applied to pharmaceutical processes to aid in the selection of design space. Due to the complex 

and often dynamic nature of continuous pharmaceutical processes, traditional approaches to 

feasibility analysis may not be well-suited to these problems. Therefore a surrogate-based method 

for feasibility analysis has been developed. The method presented in this work is novel in that it 

introduces an initial model selection phase and incorporates an efficient local solution approach 

for the expected improvement function. Two feasibility metrics, the probabilistic and adjusted 

feasibility, have been introduced to ensure the surrogate-based feasible region is conservative 

relative to that from the original process model. This is particularly important when using a 

surrogate model to guide the selection of process design space. The proposed surrogate-based 

feasibility algorithm has also been extended to dynamic feasibility problems. The dynamic offers 

several advantages over traditional approaches to solving the dynamic feasibility analysis 

problem. It does not require explicit differentiation of the model equations with respect to the 

control variables and uncertain parameters. In addition, the surrogate model for the feasibility 

function evaluates rapidly and therefore has the potential to be used for applications requiring 

rapid simulation like model-predictive control.  

The presented algorithms have been demonstrated to perform well for a series of test problems, 

including those with nonconvex and disjoint feasible regions, as well as feasible regions that 

change shape and size over time. They have also been used to evaluate the steady state and 

dynamic feasibility of a pharmaceutical roller compaction process. The results of feasibility 

analysis can be used to inform the selection of design space and suggest methods to enhance 

process robustness.  
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While the proposed methods perform well, they also have several drawbacks. The first of these is 

that, as is the case for surrogate-based methods generally, global convergence to a true optimal 

solution can be difficult to guarantee. (Biegler et al., 2014) In addition, the specific metamodel 

used in this work, kriging, is primarily an interpolating method. (Calder & Cressie, 2009) 

Therefore the surrogate model for the feasibility function cannot be used to extrapolate beyond 

the range of available design sites. There is still significant work to be done in the area of 

surrogate-based feasibility analysis, particularly for dynamic processes. For instance, the effect of 

implementing a variable time step in the dynamic surrogate-based feasibility algorithm should be 

considered. This could reduce the sampling requirements for this method and could ensure that 

the feasibility function is well-represented in areas where the process is changing rapidly with 

respect to time.  

Table 12: Parameter definitions and values used in the roller compaction case study 

Parameter Symbol Value/Range Units 

Roll radius R 0.125 m 

Roll width W 0.05 m 

Compression parameter K 4.97  

Compression parameter  C1 7.5x10-8 Pa/(kg/m3)4.97 

Compact surface area A 0.01 m2 

Effective angle of 

friction 

δ 0.7069 rad 

Nip angle α 0.173 rad 

Angular position θ NA rad 

Hydraulic pressure (roll 

pressure) 

Ph 0.9 – 1.1 MPa 

Angular velocity of rolls ω 4-6 rpm 

Powder feed speed uin 2.27 x10-4 – 4.27 x10-4 m/s 

Inlet powder density ρin 200 – 400 kg/m3 

Inlet angle θin 0.3 – 0.5 rad 

Ribbon thickness h0 1.7 x10-3 – 1.9x10-3 m 

Ribbon density ρexit 850 – 950 kg/m3 
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Chapter 6 

6. Flexibility analysis of pharmaceutical processes and design under uncertainty 

6.1. Flexibility analysis and process design under uncertainty 

A variety of terms can be used to describe the concept of process robustness, including flexibility, 

resiliency and operability. The first two are more common in process systems engineering and 

operations research, while the latter tends to be used more often in the controls literature.(I. E. 

Grossmann et al., 2014; Lima et al., 2010) This chapter will focus on process flexibility and its 

use in formulating problems of optimal process design under uncertainty. The concept of 

flexibility analysis is directly related to feasibility analysis in that both evaluate the ability of a 

process to operate in the presence of potential variability. They are distinguished by the fact that 

feasibility refers to the limits within which a process is operable, while flexibility quantifies the 

ability of a process to maintain feasible operation in the presence of inherent variability or 

external disturbances. (Biegler et al., 1997) Flexibility analysis can be applied to chemical 

process systems in order to evaluate robustness and has been employed extensively in the area of 

process design under uncertainty. (Floudas et al., 2001; Halemane, 1983; Mohideen et al., 1996b; 

Pistikopoulos & Ierapetritou, 1995) This field is concerned with the design of robust and cost 

effective chemical processes, objectives which are often competing as the most flexible design 

alternatives can be the most expensive. (Biegler et al., 1997; Pistikopoulos & Ierapetritou, 1995) 

Algorithms for process design under uncertainty are used in applications ranging from process 

synthesis (Mohideen et al., 1996a) and retrofit design (Bansal et al., 1998; Pistikopoulos & 

Ierapetritou, 1995) to supply-chain optimization (Guillén-Gosálbez & Grossmann, 2009; Tsiakis 

et al., 2001), and integrated design and scheduling (Subrahmanyam et al., 1994). However the use 

of these methods for the design of pharmaceutical processes has been relatively limited to supply-

chain (Levis & Papageorgiou, 2004; Shah, 2004) and capacity planning (Linninger & 

Chakraborty, 2001) applications rather than manufacturing process design. In this chapter a 
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surrogate-based method for the evaluation of process flexibility will be introduced. This method 

is incorporated into a novel algorithm for the design of flexible processes under uncertainty. The 

proposed methods will be applied to a number of test problems, including a design problem for a 

continuous pharmaceutical manufacturing process.  

6.1.1. The flexibility index problem 

A rigorous mathematical formulation for process flexibility was introduced by Halemane and 

Grossmann(Halemane, 1983) in the 1980s. In this formulation, process robustness is quantified 

using the flexibility index. The flexibility index describes the extent to which a process is feasible 

over a range of potential deviations in process inputs, operating conditions and model parameters. 

The formulation of the flexibility index problem follows directly from the feasibility test problem 

introduced in Chapter 5. The flexibility test problem (68) can be used to determine if a particular 

process design d is feasible over a range of potential deviations in the uncertain parameters θϵT. If 

χ(d)≤0 in problem (68), then there exists a set of control actions that result in feasible process 

operation over the full range of deviations θϵT. If not, the process is infeasible for some 

realizations of the uncertain parameters θ. (Biegler et al., 1997; I. E. Grossmann, Floudas, C.A., 

1987; Swaney & Grossmann, 1985a, 1985b) 

 ( ) max min max (d,z, ) max ( , )j
zT j J T

d g d
 

  
  

        (68)  

The flexibility index problem (69) follows directly from the flexibility test problem and can be 

used to quantify how flexible a particular process design is. In problem (69), the region T(δ) 

describes a range for the uncertain parameters that can vary in size depending on the flexibility of 

the process. The parameter δ is a non-negative scalar such that if δ<1, the corresponding feasible 

region is T(δ)T , if δ>1 the corresponding feasible region is T(δ) T and if δ=1 the 

corresponding feasible region is T(δ)=T, where T is the nominal range of the uncertain 

parameters. The feasible region T(δ) is defined in terms of the quantities Δ θ- and Δ θ+, which 

represent positive and negative deviations from the nominal values of the uncertain parameters 
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respectively.  (Biegler et al., 1997; I. E. Grossmann et al., 2014; Swaney & Grossmann, 1985a, 

1985b) 
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The flexibility index F represents the largest deviation in the uncertain parameters that the 

process can tolerate in terms of the parameter deviations Δθ. The corresponding region T(F) 

represents the largest rectangle, or in the case of higher dimensional spaces hypercube, that can 

be inscribed within the multi-dimensional feasible region for the given design d. If F>1 the 

design is more flexible than it needs to be to handle the anticipated deviations, while if F<1 the 

design is only flexible enough to accommodate a fraction of these deviations. The process is 

exactly flexible enough to maintain feasible operation over the range of deviations from Δ θ- to Δ 

θ+ when F=1.  (Biegler et al., 1997; Swaney & Grossmann, 1985a, 1985b) The value of the 

uncertain parameters corresponding to the solution of the flexibility index problem is referred to 

as the critical parameter point θC. This is the set of conditions that limits the flexibility of the 

design. The critical point θC may occur at the extreme values of the uncertain parameter space T, 

in which case it is referred to as a vertex critical point. Otherwise it is referred to as a non-vertex 

critical point. The constraint(s) corresponding to θC are the critical constraints that limit 

flexibility. Relaxing these constraints can increase the size of the feasible region. (I. E. 

Grossmann et al., 2014) The flexibility test and flexibility index problems may also be subject to 

equality constraints hi(d,z,θ), like those presented in the feasibility test problem in Chapter 5. 

These are not shown explicitly in the problem formulations in this chapter for simplicity. 

Figure 41 depicts the concept of process flexibility for a case with two uncertain parameters, θ1 

and θ2, and four constraints, one of which is nonlinear. For the processes shown, the flexibility 

index F is less than one, so the design cannot tolerate the full range of possible deviations in θ1 
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and θ2. In Figure 41a the critical point (θC) occurs at a vertex of the feasible region because it lies 

at a set of extreme values of the uncertain parameters corresponding to the upper bound of θ1 and 

the lower bound of θ2. In Figure 41b, θC is a non vertex critical point as it does not correspond to 

an upper or lower bound of the uncertain parameter θ2. Solution strategies for the flexibility index 

problem vary depending on the nature of the critical point. For a vertex critical point the solution 

of problem (69) is a relatively straightforward enumeration procedure. This involves evaluating 

the flexibility index problem at each vertex of the feasible region and selecting the vertex solution 

corresponding to the greatest value of δ. For non vertex critical points the flexibility index 

problem is significantly more difficult to solve. Several approaches including the active set 

strategy (I. E. Grossmann & Floudas, 1987) and the split and bound strategy (Ostrovsky et al., 

2000; Ostrovsky et al., 2002; Ostrovsky et al., 1994) have been developed to address the 

flexibility index problem for non vertex critical points.  

The aforementioned methods of solving the flexibility index problem do have certain limitations. 

They require explicit, closed-form expressions for all of the process constraints. In addition, 

certain assumptions regarding the convexity of the feasible region must be satisfied. (Floudas, 

2000; Floudas et al., 2001) Finally, for problems with large numbers of constraints and non vertex 

critical points the solution of the flexibility index problem can become computationally 

expensive. (Biegler & Grossmann, 2004) 
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Figure 41: Geometrical representation of the concept of flexibility and the flexibility index. a) depicts 

a process design with a vertex critical point. b) depicts a process design with a non vertex critical 

point. Both a) and b) depict processes where the original design is not sufficiently flexible to tolerate 

the full range of possible deviations in θ1 and θ2. 

6.1.2. Stochastic flexibility analysis 

Stochastic flexibility analysis, introduced by Pistikopoulos and Mazzuchi (Pistikopoulos & 

Mazzuchi, 1990) and Straub and Grossmann (Straub & Grossmann, 1990), describes the 

extension of flexibility analysis to uncertainties described by probability distributions rather than 

fixed parameter ranges. The Stochastic Flexibility index, SF, describes the probability that a 

particular design d will achieve feasible operation given process uncertainty described by the 

joint probability distribution j(θ). The distributions for each uncertain parameter may be 

independent, but do not have to be. Upper and lower bounds on the uncertain parameters can be 

selected based on the standard deviation for the corresponding distributions. These so-called 

sigma bounds limit sampling to a high probability region of j(θ) (e.g. within +/- 3σ of the mean 

for a normal distribution) and create a closed feasible region, which simplifies solution of the 

stochastic flexibility problem. (Straub & Grossmann, 1993)  

The stochastic flexibility analysis problem can be formulated as shown in equation (70), where 

the uncertain parameters θ are defined by the joint probability distribution function j(θ) and 
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Ψ(d,θ)≤0 refers to a specific realization of the uncertain parameters being feasible. In order to 

solve problem (70), the integral 

: ( , ) 0

( )
d

j d
 

 
 

   must be evaluated over the feasible region in 

the space of the uncertain variables. This is illustrated conceptually in Figure 42, which shows the 

contours of a normal joint distribution function and the projection of a convex feasible region into 

the space of the uncertain parameters.  

: ( , ) 0

( ) ( )
d

SF d j d
 

 
 

           (70) 

 

 

Figure 42: Geometrical representation of the concept of stochastic flexibility. The stochastic 

flexibility index SF(d) is obtained by integration over the feasible region projected into θ space. 

The multiple integration in problem (70) makes it challenging to evaluate the stochastic flexibility 

index. Several solution strategies have been developed to solve problems defined by linear 

constraints, including the bounding procedure introduced by Pistikopoulos and Mazzuchi 

(Pistikopoulos & Mazzuchi, 1990) and the inequality reduction scheme proposed by Straub and 

Grossmann (I. E. Grossmann & Straub, 1996). These methods, while effective, have several 

limitations. They can only be applied to linear, and therefore convex, problems with relatively 

few constraints. (Straub & Grossmann, 1993) The bounding approach is appropriate only for 

uncertain parameters described by normal distributions, and requires a priori specification of the 
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set of active constraints. (Bansal et al., 2000; Pistikopoulos & Mazzuchi, 1990) The inequality 

reduction approach cannot be readily extended problems with design variables and therefore 

cannot be used for optimal design under uncertainty problems. (Straub & Grossmann, 1993) 

Several methods have since been proposed to evaluate stochastic flexibility in nonlinear and non 

convex systems. (Pistikopoulos & Ierapetritou, 1995; Straub & Grossmann, 1993) These 

formulations still require the feasible region to satisfy 1-d convexity conditions with respect to the 

uncertain parameters and tend to be limited to problems with relatively few constraints. Given the 

difficulties associated with evaluating the stochastic flexibility index, many approaches to the 

problem of optimal process design under stochastic uncertainty do not directly include calculation 

of the stochastic flexibility index. (Pistikopoulos & Ierapetritou, 1995; Sahinidis, 2004) 

Remarks on the relationship between the flexibility and stochastic flexibility indices 

In developing a surrogate-based method for flexibility analysis, it will be useful to apply the 

formulation of the stochastic flexibility problem to the general case of process flexibility. In 

doing this it will be useful to consider the relationship between the flexibility index (F) and the 

stochastic flexibility index (SF). First, it is important to note that in stochastic flexibility analysis 

the shape and the size of the feasible region is the same as that considered in the non stochastic 

case. The primary difference between the flexibility index problem (69) and the stochastic 

flexibility problem (70) is the probability of realizing different combinations of uncertain 

parameters. In problem (69), all parameter variations within the range 

 | N NT              are equally likely whereas in problem (70) some parameter 

combinations are more likely to occur than others. This can affect the flexibility index because 

feasible combinations of the uncertain parameters may become more or less likely depending on 

the distribution j(θ). If the uncertain parameters are selected from a uniform distribution with 

bounds [θN-Δ θ-, θN+Δ θ+] then the stochastic flexibility index (SF) and the flexibility index (F) 

should provide comparable estimates of process robustness. Their magnitudes will not be 
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identical, as the value of F depends on the selection of Δθ. However the ranking of various 

process designs with respect to their flexibility are expected to be comparable. The only 

exception would be for the case where multiple designs are feasible within the entire uncertain 

parameter range T. While the flexibility index problem can explore parameter values beyond the 

range of the nominal parameter deviations Δθ+ and Δθ-, the stochastic flexibility index is limited 

to values between 0 and 1. In order to further distinguish between these designs using the 

stochastic flexibility index it would be necessary to extend the bounds of the distribution j(θ) to a 

point where, at most, one design is feasible everywhere.  

6.1.3. Optimal process design under uncertainty 

The flexibility and stochastic flexibility index problems provide a means of characterizing a 

particular process design with respect to robustness. In order to select an optimal process design, 

algorithms are needed for systematically evaluating the available design alternatives and selecting 

one that is preferred based on economic and/or robustness objectives.(Pistikopoulos & 

Ierapetritou, 1995) The general problem of process design under uncertainty can be formulated as 

a mixed integer linear or nonlinear program (MIP or MINLP), with integer variables used to 

represent discrete design decisions.(Biegler et al., 1997) For process synthesis problems, e.g. the 

design of an entire manufacturing plant, the number of discrete design options can be quite 

large.(I. E. Grossmann, 1996) The resulting combinatorial optimization problem may be 

computationally intractable if all possible realizations the integer variables must be enumerated. 

A variety of methods, many of them employing branch-and-bound algorithms, can be used to 

solve these types of optimization problems efficiently. (Adjiman et al., 1997; Quesada & 

Grossmann, 1992) Branch-and-bound methods provide a way to explore the space of available 

process designs without having to explicitly enumerate all possible alternatives. This is 

accomplished by dividing the problem into a series of sub regions, determining lower and upper 

bounds on the objective function within these sub regions, and systematically eliminating regions 
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that do not have the potential to contain an optimal solution. (Adjiman et al., 1997; Lee & 

Grossmann, 2001; Ryoo & Sahinidis, 1995) In this way, only a limited number of integer 

combinations are evaluated, allowing the efficient solution of large MIP and MINLP problems. 

Recent advances in the development of algorithms for integer programming problems have made 

it possible to solve large-scale deterministic optimization problems like those found in process 

design applications. (Floudas & Gounaris, 2009; Nemhauser & Wolsey, 1999)   

For problems with stochastic uncertainties, techniques based on two-stage stochastic 

programming have been developed to solve the optimal design problem. (Pistikopoulos & 

Ierapetritou, 1995) As their name implies, two-stage stochastic programming methods divide the 

decision variables for the problem into two groups. The first-stage variables must be set prior to 

evaluating the problem with respect to the uncertain variables. The second-stage variables are 

realized after the uncertain variables. (Sahinidis, 2004) In the context of design under uncertainty, 

the design variables d correspond to first-stage variables while the control variables z are 

considered second-stage variables. Two-stage stochastic programs are solved in two stages. In the 

first stage the design variables are selected to minimize the first stage cost (or maximize profit). 

The second-stage cost cannot be optimized directly at the first stage because it will vary 

depending on the realization of the uncertain parameters. However, the expected value of the 

second stage cost may be incorporated into the first stage objective if it can be estimated. (Tsiakis 

et al., 2001) At the second stage, the control variables are optimized to minimize cost and ensure 

operational feasibility. Alternatively, the first stage can focus exclusively on cost reduction or 

profit maximization and the second stage can be used to ensure feasibility and controllability. 

(Pistikopoulos & Ierapetritou, 1995) For problems with a limited number of uncertain parameters, 

parametric programming can be used to obtain closed-form solutions for the optimal design 

problem. (Bansal et al., 2002; Sahinidis, 2004) These solutions are explicit functions of the 

uncertain parameters, and can be used to identify optimal control strategies for new realizations 
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of these parameters. (Dua et al., 2002; Dua & Pistikopoulos, 1998) However these methods can 

only be used for relatively small problems with respect to the uncertain variables. 

One significant challenge associated with process design and synthesis problems is the cost 

associated with simulating the model in order to determine objective function values for specific 

design alternatives. Several authors have sought to address this issue through the use of reduced-

order models. (Agarwal et al., 2008; Henao & Maravelias, 2010, 2011; Lang et al., 2011) A 

majority of this work has focused on the use of reduced-order models at the simulation level. For 

instance, reduced-order models based on PCA (Lang et al., 2011) or proper orthogonal 

decomposition (POD) (Agarwal et al., 2008) have been used to optimize industrial processes 

including power plants and pressure swing adsorption systems. These reduced-order models are 

incorporated into the simulation locally, at the unit operation level. (Biegler et al., 2014; M. 

Martin & Grossmann, 2011) The use of reduced-order models for global optimization of process 

operating conditions has also been demonstrated by several authors. (Agarwal & Biegler, 2013; F. 

Boukouvala & Ierapetritou, 2013) However these implementations have focused on continuous 

variables and therefore have not included process design under uncertainty applications. The use 

of surrogate models in algorithms for process synthesis has also been reported. (Davis & 

Ierapetritou, 2009; Henao & Maravelias, 2011) However the surrogate models in these algorithms 

are used primarily for optimization over continuous variables. For instance, Davis and 

Ierapetritou (Davis & Ierapetritou, 2009) developed an MINLP algorithm that uses a branch and 

bound approach to fathom the integer variables and black-box models to optimize relaxed NLP 

sub problems at each realization of the integer variables. In other words, surrogate models are 

used for optimization over the continuous variables after the integer variables have been realized. 

This method can be extended to the case where the surrogate models are functions of both 

continuous variables and relaxed integer variables. (Davis & Ierapetritou, 2008) A similar 

approach has been demonstrated for process synthesis applications by Henao and Maravelias 

(Henao & Maravelias, 2010, 2011). These authors present a process synthesis algorithm in which 
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surrogate models based on artificial neural networks ANN are used at the unit operation level. 

The problem is then formulated as a generalized disjunctive program so that commercially 

available MINLP solvers can be used to optimize the superstructure over the integer variables. 

In the remainder of this chapter, a surrogate-based method for estimating the flexibility of a 

process design is presented. This method is demonstrated using a number of test problems and is 

then applied to the roller compaction case study presented in Chapter 5.  The surrogate-based 

flexibility index is then incorporated into an algorithm for surrogate-based process design under 

uncertainty. This method is similar to the MINLP algorithm of Davis and Ierapetritou (Davis & 

Ierapetritou, 2008, 2009) in that a branch and bound approach is used to explore the space of 

available design alternatives. However the proposed algorithm differs from prior work in that 

integer design variables are incorporated directly into the surrogate model. This method is applied 

to linear and nonlinear test problems involving discrete design variables and continuous 

uncertainties. Finally the proposed method is used to select a robust process design for the 

continuous feeding and blending process introduced in Chapter 3.  

6.2. A method for surrogate-based flexibility analysis 

The stochastic flexibility index can be interpreted as the probability that a particular design d will 

achieve feasible operation given process uncertainty described by the joint probability 

distribution j(θ). Mathematically, this means that equation (70) can be interpreted as a conditional 

probability statement of the form P(A|B), as shown in expression (71).  

 ( ) ( , ) 0 | ( )SF d P d j           (71) 

The conditional probability P(Ψ(d,θ)≤0|j(θ))can be empirically estimated using the formula 

shown in equation (72), where N is a sufficiently large number of samples, and Ψ(d,θi) is the 

feasibility function value for a specific realization of the uncertain parameters θi. (Congdon, 

2006) The flexibility index determined by equation (72) will be referred to as the estimated 

flexibility and is denoted ˆ ( )F d . The term estimated flexibility is preferred over stochastic 
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flexibility, as the proposed approach can be applied to uncertain parameters sampled from 

arbitrary distributions. This includes the uniform distribution within the region 

 |T             , in which case the uncertainties are not stochastic in nature. 

 

 

ˆ ( ) ( , ) 0 | ( )

where  is the total number of samples drawn from the distribution 
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The number of samples N can be calculated based on the anticipated variance in the process 

response and the desired confidence level for the solution as shown in equation (73). This formula 

has been previously reported in the literature as a means of determining the number of 

simulations required to estimate objective function values in simulation-based stochastic 

optimization problems. (You et al., 2009) In equation (73), H represents the desired confidence 

level, z is the z-score corresponding to this confidence interval and S(n) is the variance in the 

process response. Since a kriging metamodel is used to approximate the feasibility function, an 

estimate of the maximum process variance can be obtained directly from the metamodel. This can 

be used to estimate the response variance term S(n). 
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While the approach described in expression (72) would not be reasonable for an expensive 

process model, the surrogate feasibility model is computationally cheap to evaluate. For the 

surrogate feasibility models developed in Chapter 5, a large number of function evaluations can 

be obtained in a matter of cpu-seconds.   
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Since the variance for a kriging predictor is known, it is possible to use this information to obtain 

upper and lower bounds on the estimated flexibility. These can be calculated as shown in 

equation (74), where su is the variance of the kriging predictor.  
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It should be noted that if a design is infeasible then ˆ ( )F d  will be 0. Therefore if a sufficiently 

large (based on equation (73)) number of samples is used to estimate the flexibility index and it is 

found that ˆ ( ) 0F d  , it can be concluded that process design d is infeasible.  This is true only if 

the surrogate feasibility model is sufficiently accurate to distinguish between feasible and 

infeasible regions of the uncertain space. This should be established as part of the surrogate-based 

feasibility algorithm described in Chapter 5. 

Case studies 

The proposed method for surrogate-based flexibility analysis is applied to the two test problems 

presented in Chapter 5, namely the nonlinear, nonconvex example problem and the Branin 

function. The estimated flexibility index is determined for uncertain parameters sampled from a 

uniform distribution and from a normal distribution for each example problem. Upper and lower 

bounds on the estimated flexibility are also determined using equation (74). The number of 

samples (N) used to estimate ˆ ( )F d  in all case studies is 10,000. This is significantly more than 

the minimum recommended number of samples obtained by evaluating equation (73), which is on 

the order of N=100. A larger number of samples is used for the two test problems because the 
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corresponding number of evaluations of the original process model were already available from 

the model validation at the surrogate-based feasibility stage. Thus the flexibility index estimated 

using equation (72) could be compared with that obtained from the original process model. 

Increasing the number of function evaluations from 100 to 10,000 changes the estimated 

flexibility index by less than two percent for the example problems, so equation (73) provides a 

good estimate of the required number of samples. In this case it is inexpensive (less than 5 cpu-s) 

to compute 10,000 evaluations of the reduced-order model so there is little detriment to 

considering a larger than required number of samples. 

The results of the surrogate-based flexibility analysis are shown in Table 13. For both example 

problems the surrogate-based results compare favorably with those obtained using the original 

process model. The estimated flexibilities are found to agree, indicating that the degree of 

prediction error in the surrogate model is not significantly affecting the estimate of process 

flexibility.  

Table 13: Surrogate-based flexibility analysis for the three example problems given in Chapter 5, 

including the steady state roller compaction process. The flexibility estimated using the original 

process model in equation (72) is compared with that obtained by using the reduced-order model 

for the two case studies and these are found to agree well. All flexibility metrics are estimated 

using 10,000 model evaluations.  

Problem UNIFORM CASE (Not Stochastic) 
NORMAL DISTRIBUTION CASE 

(Stochastic uncertainty) 

 

F(d) – 

original 

model 

F(d) – 

surrogate 

model 

FL(d) FU(d) 

F(d) – 

original 

model 

F(d) – 

surrogate 

model 

FL(d) FU(d) 

Nonlinear 

Nonconvex 

example 

0.3648 0.3645 0.3314 0.4004 0.7094 0.7137 0.6718 0.7528 

Branin 

function 
0.0843 0.0840 0.0322 0.1320 0.0059 0.0059 0.0013 0.0195 

Steady state 

Roller 

Compaction 

 0.9398 0.7207 0.9602  0.9999 0.9880 1 
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For the nonlinear, nonconvex example problem, the flexibility for a uniform distribution is lower 

than that obtained when the uncertain parameters are sampled from a normal distribution. This is 

consistent with Figure 43a, which shows the feasible region projected into the space of the 

uncertain parameters along with the contours of j(x1,x2) sampled from a normal distribution. In 

this case it can be seen that the highest probability areas of j(x1,x2) tend to fall within the feasible 

region. By sampling from a normal distribution, uncertain parameter realizations within the 

feasible region are more likely to occur than when sampling from a uniform distribution. This 

enhances the flexibility of the process for the stochastic case. For the Branin function, the process 

is less flexible in the stochastic case. This is consistent with Figure 43b, which shows that when 

sampling from a normal distribution two of the three disjoint feasible regions are very unlikely to 

be realized. In addition, a majority of the region encompassed by the normal distribution j(x1,x2) 

falls outside of the feasible region for the Branin function.  

 

Figure 43: Feasible region (U) and surrogate-based feasible region (Upred) projected into the 

uncertain parameter space for a)nonlinear, non convex example problem and b)Branin function. The 

contours of the uncertain parameter distribution j(x1,x2) when sampled from a normal distribution 

are also shown. 
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6.2.1. Surrogate-based flexibility analysis of a roller compaction process 

The estimated flexibility approach has been applied to the steady state roller compaction example 

presented in Chapter 5. For this process, the flexibility is significantly increased when the 

uncertain parameters (ρin and θin) are described by a normal distribution rather than a uniform 

distribution. In fact the process is likely to be feasible everywhere within the joint probability 

distribution for the uncertain parameters j(ρin,θin ), as indicated in Figure 44. It is also notable that 

the bounds on the flexibility index are much tighter in the normal distribution case. This is due to 

lower prediction variance within the feasible region. The prediction variance within the lower 

left-hand corner of the uncertain parameter space is high, because very few samples are collected 

within this region during the surrogate-based feasibility analysis. This contributes to higher 

uncertainty in the estimation of the flexibility index when this portion of the uncertain space is 

considered, as in the uniform distribution case. 

 

Figure 44: The surrogate-based feasible region (Upred) projected into the uncertain parameter space 

for the steady-state roller compaction problem. The contours of the uncertain parameter distribution 

j(ρin,θin ) when sampled from a normal distribution are also shown. 



136 

 

 

6.3. An algorithm for surrogate-based process design under uncertainty 

Having demonstrated that the flexibility index for a process can be estimated using a surrogate 

representation, it is now possible to incorporate the surrogate-based flexibility metric into an 

algorithm for robust process design. When developing an algorithm for optimal design under 

uncertainty there are several aspects to consider, including: 

 The objective function that will be used to evaluate design optimality 

 The metric that will be used to characterize robustness 

 The method by which infeasible or suboptimal designs will be removed from 

consideration 

In addition, for a surrogate-based approach it is important to balance the need for an accurate 

process representation with the desire for efficient sampling of the uncertain space.  

In this work, designs are evaluated on both robustness and, for the pharmaceutical case study, 

cost. The process robustness is characterized using the estimated flexibility metric defined in 

section 6.2. Only uniform distributions for the uncertain parameters are considered in the case 

studies presented, but this approach can be readily extended to problems involving stochastic 

uncertainty defined by an arbitrary distribution. In order to minimize sampling requirements, an 

initial feasibility stage is included so that infeasible designs can be removed from consideration 

prior to surrogate modeling. Also, only samples that are integer feasible (i.e. that correspond to 

integer values for the design variables) are included in the surrogate model.  

The proposed algorithm for surrogate-based optimal design under uncertainty is shown in Figure 

45. The initial feasibility stage involves evaluating each process design at the nominal realization 

of the uncertain parameters θN. This is done using the original process model, not a surrogate 

representation. If a design is infeasible at the nominal operating conditions it is removed from the 

set of candidate process designs. This stage has the potential to become computationally 

expensive for process synthesis problems involving a large number of design alternatives. For 
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these problems, an initial surrogate model can be developed using a design of experiments that 

spans the space of available designs. The surrogate model can then be used to evaluate each 

design around the nominal conditions θN and infeasible designs can be eliminated. This latter 

approach should be used when the number of candidate signs is greater than 10k, where k is the 

total number of variables in the synthesis problem (i.e. k=|z|+|d|+|θ| where |s| indicates the 

cardinality of set s). 10k is the recommended number of data points to build a preliminary 

surrogate model, so if 10k is less than the number of possible design alternatives then a 

preliminary surrogate model will be less computationally expensive then evaluating each design 

at the nominal point θN.  

After the initial feasibility phase, the set of candidate designs is iteratively evaluated and 

narrowed in the surrogate-based flexibility stage. First, preliminary surrogate models for the 

feasibility function and (optionally) the total cost are developed. Samples are taken from within 

the set of feasible integer variables, i.e. the candidate designs, and the range of the uncertain 

parameters  | N NT             . In the case studies presented, a set of 9 design 

sites in the uncertain space is sampled for each feasible design. 9 design sites are selected because 

the fitting problem for the kriging parameters is underdetermined with fewer samples for the 

nonlinear case study. Surrogate model selection is carried out based on the minimum prediction 

variance criterion described in Chapter 5. Once surrogate models for the feasibility function and 

the total cost have been developed these are used to estimate the flexibility index and cost 

corresponding to each candidate design. Upper and lower bounds on cost and flexibility can also 

be obtained, as described in equation (74). In cases where both flexibility and cost criteria are 

considered, the number of samples used for the surrogate-based flexibility evaluation is set to 

twice the maximum value of N obtained by evaluating equation (73) for both objectives (cost and 

flexibility). In the next step, designs that are not potential optima are removed from the candidate 

set. Several criteria can be used to determine if a design is suboptimal. For instance, if the upper 
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bound on the estimated flexibility ˆ UF  is less than a user-specified requirement then a design can 

be eliminated due to inadequate robustness. If flexibility alone is used to select an optimal design, 

any design with ˆ UF that is worse than ˆ LF  for the current optimal design can also be eliminated, 

as such a design does not have the potential to perform better than the current optimum. 

Alternatively, if the lower bound on the estimated cost for a particular design ˆ LC  is greater than 

the current upper bound within the set of candidate designs then this design can be eliminated, as 

it is guaranteed to be more expensive than the current optimum. The algorithm will terminate if 

the set of candidate designs contains only one entry after this step. If there are still several 

candidate designs, the expected improvement function introduced in Chapter 5 is maximized for 

each design. Note that it is important to remove suboptimal designs prior to the expected 

improvement stage to avoid additional sampling of the expensive process model for a design that 

is not a potential optimum. The corresponding realizations of design and uncertain variables are 

added to the set of design sites for the surrogate model. The surrogate model is updated and the 

algorithm returns to the flexibility and/or cost evaluation step. This continues until only one 

design is left in the candidate set, or until the upper and lower bounds on flexibility and/or cost 

are within a certain tolerance (ɛ1) of one another. At this point the algorithm terminates. If only 

one design remains, then this is selected as the optimal design. If multiple designs satisfy the 

optimality criteria, the design corresponding to the lowest cost or the greatest flexibility can be 

selected. If two designs are equivalent, a secondary criterion may be introduced to select between 

them. 
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Figure 45: Surrogate-based algorithm for process design under uncertainty 

Case studies 

The proposed algorithm is tested on two design problems, one that is linear in the design and 

uncertain variables and a second that is nonlinear in both. The test problems are adapted from the 

literature. (Bansal et al., 2000) For simplicity, they do not include control variables. In each of 

these test problems the objective is to select the most flexible design, so cost criteria are not 

included. However the bounding procedure applied to the flexibility in these test problems can be 

applied to a cost objective for design problems like the one presented in section 6.4. 

Linear process design problem 

The first test problem is linear in both the design and uncertain variables. This problem is 

described by equation (75). 
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This process contains a total of 36 possible design alternatives. Of these, only a subset are 

feasible at the nominal operating conditions for the process, as shown in Figure 46. In Figure 46, 

the title of each chart indicates the values of d1 and d2 corresponding to the design. The contours 

of the feasibility function are shown in color. The contour corresponding to Ψ(d,θ)=0 is shown in 

black. The nominal operating point (θ1
N, θ2

N)=(2,2) is shown as a black dot.  

 

Figure 46: Contours of feasibility function for each of the designs in problem (75) For each design, 

the boundary of the feasible region is shown in black. The nominal operating conditions are indicated 

by a black dot.  
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Of the 36 designs shown in Figure 46, only 9 are feasible under the nominal operating conditions. 

These constitute the set of candidate designs. All candidate designs are successfully identified 

during the initial feasibility stage and are listed in Table 14.  

Table 14: Set of feasible designs for the linear test problem shown in equation (75) 

Feasible 

Designs 

   d1, d2 

     0,    1 

     0,    2 

     1,    1 

     1,    2 

     2,    1 

     2,    2 

     3,    2 

     4,    2 

     5,    2 

 

The initial DOE consists of 81 samples, 9 for each of the feasible designs. After the initial 

models are developed, the flexibility index for each design is estimated. This is 

accomplished using N=10,000 samples (in θ-space) for each design. For all 9 feasible 

designs this requires only 24. 6 cpu-s. The values of ˆ ( )F d  , ˆ ( )LF d  , and ˆ ( )UF d  for 

each of the feasible designs is given in  

 

 

 

Table 15. The lower bound on the flexibility is set by the largest ˆ ( )LF d among the candidate 

designs. This corresponds to the worst-case flexibility for the best current design. Any design that 

has a value of ˆ ( )UF d  lower than this lower bound is removed from the candidate set, because it 

does not have the potential to be more flexible than the current best design.  After this stage the 

set of 9 candidate designs is reduced to 8, as the design (0,2) is removed. 
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Table 15: Initial estimated flexibility indices for each nominally feasible design in the linear test 

problem (75), along with upper and lower bounds 

Design 

   d1, d2 
ˆ ( )F d  ˆ ( )UF d  ˆ ( )LF d  

     0,     1     0.3990     0.6833     0.1791 

     0,     2     0.1719     0.3895     0.0328 

     1,     1     0.5892     0.8176     0.1275 

     1,     2     0.3331     0.5710     0.1464 

     2,     1     0.3186     0.7806     0.0222 

     2,     2     0.5010     0.6463     0.2775 

     3,     2     0.5660     0.6535     0.4276 

     4,     2     0.5660     0.6535     0.3348 

     5,     2     0.3648     0.6458     0.0541 

 

During the surrogate-based flexibility stage the criterion for the difference between the upper and 

lower bounds was selected to be ɛ1=0.05. A total of 65 iterations of the flexibility stage are 

completed, corresponding to 241 model evaluations. The final candidate set consists of the three 

designs shown in Table 16. All three have similar estimated flexibility indices, though the design 

(1,1) appears to be slightly more flexible than the others. A secondary criteria, such as cost, could 

be used to further select between designs.  

Table 16: Final candidate set of designs for linear flexibility test problem shown in equation (75) 

Design 

   d1    d2 
ˆ ( )F d  ˆ ( )UF d  ˆ ( )LF d  

     1     1     0.5936     0.6625     0.5006 

     3     2     0.5666     0.5777     0.5538 

     4     2     0.5661     0.5769     0.5559 

 

The contours of the feasible region for the final set of designs are shown in Figure 47. It can be 

seen that the surrogate model provides an accurate estimate of the feasible region for the final set 

of candidate designs. In addition, it is clear that the three designs have comparable feasible 

regions, with designs (3,2) and (4,2) being nearly identical.  
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Figure 47: Contours of the feasibility function for the final set of candidate designs for the linear test 

problem (75). This includes the true contours of the feasible region, the true boundary of the feasible 

region (shown in black) and the contours of the feasible region predicted by the surrogate model 

(shown in red). 

Nonlinear design problem 

The proposed algorithm is also demonstrated for test problem (76), which is nonlinear in the 

design and uncertain variables. 
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The set of possible designs for this problem also consists of 36 combinations, which are shown in 

Figure 48. 

 

Figure 48: Contours of feasibility function for each of the designs in problem (76). For each design, 

the boundary of the feasible region is shown in black. The nominal operating conditions are indicated 

by a black dot. 

Of the 36 designs, only four are feasible at the nominal operating conditions. These are correctly 

identified during the initial feasibility stage and are shown in Table 17. The initial model is built 

using a set of 36 samples, 9 per candidate design, as for the linear case study. Preliminary 

evaluation of the estimated flexibility index for the feasible designs is conducted using 10,000 

samples, which evaluate in 11.5 cpu-s. The preliminary evaluation of the flexibility, as well as 

upper and lower bounds, is given in Table 17. The current best lower bound is 0.4803. All 

designs have a better upper bound than the current best lower bound, so they are all candidate 

designs for the surrogate-based flexibility stage. 
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Table 17: Initial estimated flexibility indices for each nominally feasible design in the nonlinear test 

problem (76), along with upper and lower bounds 

Design 

   d1 d2 
ˆ ( )F d  ˆ ( )UF d  ˆ ( )LF d  

     0     0     0.2550     0.6170     0.0074 

     1     1     0.5788     0.7210     0.4389 

     2     1     0.7250     0.8756     0.4803 

     3     1     0.5931     0.8092     0.3229 

 

Using the criterion ɛ1=0.05, the surrogate based flexibility stage converges in 30 iterations, after 

collecting a total of 87 samples of the original process model. The final candidate set consists of a 

single design (2,1), which has an estimated flexibility of 0.724 and upper and lower bounds of 

0.783 and 0.660 respectively. The feasible region corresponding to the most flexible design is 

shown in Figure 49. It can be seen that the surrogate feasibility model accurately represents the 

feasible region for this design.  

 

Figure 49: Contours of the feasibility function for the most flexible design for the nonlinear test 

problem (76). This includes the true contours of the feasible region, the true boundary of the feasible 

region (shown in black) and the contours of the feasible region predicted by the surrogate model 

(shown in red). 
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6.4. Design of a pharmaceutical blending process under uncertainty 

The proposed method for surrogate-based design under uncertainty has been applied to a 

continuous feeding and blending process. The process model used in this application is the same 

model demonstrated in Chapter 3. The design variables considered are the feed hopper volume V 

and the blender length L. The uncertain parameters considered include the noise in the feed rate 

and the powder properties, specifically the compressibility. The agitator rotation rate in the 

blender is a control variable that can be used to mitigate the effect of feed rate fluctuations. The 

feed hopper volume affects the refill frequency (RF), which is measured in the number of times 

the feeder must be refilled per hour. It also influences the magnitude of each refill, which in turn 

affects the amount that the powder at the base of the feed hopper densifies during refill. The 

extent to which the powder densifies is also affected by the compressibility of the powder. These 

two factors contribute to disturbances in feed rate during refill of the feed hopper. The blender 

length and agitator rotation rate influence mixing performance, which affects the relative standard 

deviation (RSD) at the blender exit.  The feasibility is limited by constraints on the blender 

capacity, the total flow rate through the system, the active ingredient (API) composition of the 

blend and the relative standard deviation (RSD) of the blend. The objective is to identify a 

flexible process design at the lowest possible cost. The costs considered include purchased 

equipment costs and the marginal labor cost associated with operating the feeder at different refill 

frequencies. Material costs are not included, as the process is operated at a constant flow rate set 

point.  

The surrogate-based process design problem for this application can be formulated as in equation 

(77). The total cost is calculated using the cost factors and equations presented in Table 18. Note 

that the marginal labor cost associated with feeder refills is based on the refill frequency. The 

scaling factor of 0.05 is selected to ensure that labor costs are on the same order of magnitude as 

capital costs. A more extensive study of labor costs for continuous pharmaceutical manufacturing 

processes is required to more accurately estimate this factor. (Schaber et al., 2011)  
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Table 18: Cost factors for continuous feeding and blending case study 

Item Size/scale factor Cost equation ($) Reference 

Ribbon 

mixer 

Volume, V, 

ft3 
1 0.601,700pC V  

(F. Boukouvala & 

Ierapetritou, 2013) 

 

Screw 

feeders 

Vol. flow rate, 

ft3/hr 
2 0.22760pC S  

(F. Boukouvala & 

Ierapetritou, 2013) 

 

Feed 

Hoppers 

Volume,V, 

ft3 
3 0.46450pC V  

(F. Boukouvala & 

Ierapetritou, 2013) 

 

Labor 

Refill frequency 

(function of feed 

hopper size) 

160,000 0.05laborC RF    (Schaber et al., 2011) 

Total cost 

Purchased 

equipment + annual 

marginal labor 

1 2 3total

p p p laborC C C C C     -- 

 

The ranges of the design, control and uncertain parameters considered in this case study are 

shown in Table 19. The form of the feasibility constraints is shown in equation (78) and the 

corresponding limits on the design and operating variables are shown in Table 20. 

Table 19: Summary of design, control and uncertain parameters for continuous blending case study 

Variable Type Nominal value Range or Levels 

Feed hopper 

volume (m3) 
Design -- 0.0667, 0.1, 0.2 

Blender Length (m) Design -- 0.15, 0.3, 0.45 

Powder 

densification during 

refill (%) 

Uncertain 30 15-45 

Feed rate variability 

(% of set point) 
Uncertain 3 1-5 

Blender blade speed 

(rpm) 
Control 180 100 - 250 

 



148 

 

 

Operating constraints

Quality constraints

L U

L U

U

L U

API API API

FR FR FR

BF BF BF

RSD RSD

C C C

 

 



 

         (78) 

Table 20: constraints on operating parameters and quality attributes for continuous blending case 

study 

Variable Symbol Type Target Lower bound Upper bound 

Net flow rate 

(kg/h) 
FR Operating 40 35 45 

Mixer fill level (% 

working volume) 
BF Operating -- 10 50 

API Concentration 

(w/w) 
CAPI Quality 0.3 0.27 0.33 

Relative standard 

deviation (RSD) 
RSD Quality -- -- 0.6 

 

The 9 possible designs for this problem, along with their nominal feasibility values, are shown in 

Table 21. Note that designs corresponding to a blender length of 0.15 meters are infeasible at the 

nominal operating conditions. For these designs the capacity constraints on the blender are 

exceeded. Therefore they are excluded from the set of candidate designs for the surrogate based 

flexibility phase.  

Table 21: Designs and nominal feasibility values for the continuous blending case study 

Feeder 

volume (m3) 

Blender 

length (m) 

Nominal 

Feasibility 

0.2 0.15     0.0031 

0.2 0.3    -0.0007 

0.2 0.45    -0.0003 

0.1 0.15     0.0011 

0.1 0.3    -0.0006 

0.1 0.45    -0.0003 

0.0667 0.15     0.0007 

0.0667 0.3    -0.0006 

0.0667 0.45    -0.0003 
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Next, a surrogate model for the feasibility function and a surrogate model for the cost are 

developed. Upper and lower bounds on the cost can be determined based on the kriging variance 

of the cost model, just as they are in equation (74) for the flexibility index. The initial design 

consists of 54 samples, 9 per candidate design. The surrogate model is used to estimate the 

flexibility index and cost for each of the candidate designs. For this case study, a surrogate-based 

minimization problem is embedded in the flexibility calculation to manipulate the control variable 

(blender rotation rate) in such a way that constraint violations are minimized. Based on the 

prediction variance for the cost model, which is greater than that for the feasibility model, a 

minimum of 125 samples is required to estimate the cost. To be conservative, 500 samples are 

used to estimate the flexibility and cost. The resulting flexibility indices and costs, along with 

lower and upper bounds, are shown in Table 22.  

Table 22: Initial estimated flexibility indices and costs for the set of feasible candidate designs 

Feeder 

volume 

(m3) 

Blender 

length (m) 
ˆ ( )F d   ˆ ( )LF d  ˆ ( )UF d  ˆ ( )C d  

($x1000) 

ˆ ( )LC d  ˆ ( )UC d  

0.2 0.3     0.0016     0.0100     0.9700    14.8674    14.8243    14.9104 

0.2 0.45     0.4464     0.0200     0.9800    14.9549    14.9119    14.9979 

0.1 0.3     0.5228     0.0400     1.0000    21.9546    21.9175    21.9917 

0.1 0.45     0.9963     0.0200     0.9800    22.0409    22.0038    22.0781 

0.0667 0.3     0.9969     0.0300     0.9900    29.5154    29.4739    29.5568 

0.0667 0.45     0.9981     0.0100     0.9700    29.6012    29.5598    29.6426 

 

Initially the bounds for the estimated flexibility are wide, so it is not possible to eliminate any 

designs based on the preliminary flexibility estimates. During the surrogate-based flexibility 

stage, designs with a lower bound on estimated flexibility of less than 0.2 are eliminated. In 

addition, any design with cost lower bound ( ˆ LC ) greater than the upper bound ( ˆUC ) of the best 

design that meets the flexibility criteria is eliminated as it cannot be optimal with respect to cost.  

After collecting an additional 89 samples during the surrogate-based flexibility phase, it is 

possible to identify a subset of designs that meet the flexibility requirements. These are shown in 

Table 23 along with their corresponding cost and flexibility estimates. The most flexible design 



150 

 

 

corresponds to a more expensive alternative, but there is a less than one percent cost difference 

between the two designs. The two most flexible design alternatives correspond to the smallest 

feed hopper and therefore the most frequent feeder refills. In this case, the more frequent refills 

result in smaller disturbances during refill and therefore reduce the probability of exceeding the 

specifications on RSD or API concentration of the blend. The most flexible design corresponds to 

a larger blender, as this has a broader residence time distribution (RTD) which can dampen feed 

rate fluctuations more effectively.  

Table 23: Final set of candidate designs and corresponding flexibilities and costs 

 

Feeder 

volume 

(m3) 

Blender 

length 

(m) 

ˆ ( )F d  ˆ ( )LF d  ˆ ( )UF d  
ˆ ( )C d  

($x1000) 
ˆ ( )LC d  ˆ ( )UC d  

Design1 0.0667 0.3 0.2361 0.2277 0.2463 29.5182 29.4940 29.5424 

Design2 0.0667 0.45 0.2821 0.2703 0.2944 29.6000 29.5720 29.6279 

 

The feasible operating regions for both of the candidate designs are shown in the Figure 50. The 

less expensive, but also less flexible design is show in Figure 50a while the more expensive, but 

also more flexible design is shown in Figure 50b. Based on observed feasible regions, it may be 

preferable to select Design 2, as it is defined by nearly linear constraints which will likely be 

more straightforward to enforce during process operation.  
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Figure 50: Design space for the two most flexible designs with respect to the uncertain parameters 

(feed rate variability, powder densification). The boundary of the predicted feasible region is shown 

in black, while the adjusted feasibility (see Chapter 5) is shown in red. a) indicates the less expensive 

design while b)indicates the more expensive but also more flexible design 

6.5. Conclusions and future work 

In this chapter, a novel, surrogate-based method for estimating process flexibility has been 

introduced. This method can be applied to both deterministic uncertainties and stochastic 

uncertainties characterized by arbitrary probability distributions. The proposed approach has been 

demonstrated on several test problems, including the steady state operation of a pharmaceutical 

roller compaction process. A surrogate-based algorithm for optimal design under uncertainty has 

been proposed based on the estimated flexibility index. This method differs from previous efforts 

at surrogate-based process synthesis in that the design variables are explicitly included in the 

surrogate model. The proposed algorithm has been demonstrated for both linear and nonlinear 

problems, and has been applied to the selection of design alternatives for a continuous 

pharmaceutical feeding and blending process.  

A great deal of work remains to be done in the area of surrogate-based process design under 

uncertainty, particularly as it applies to pharmaceutical processes. For instance, more accurate 

data for the estimation of operating costs for continuous pharmaceutical processes are needed. In 



152 

 

 

addition, the proposed surrogate-based algorithm for design under uncertainty needs to be tested 

for larger design problems involving hundreds of design alternatives. These problems can be used 

to evaluate the initial feasibility approach based on surrogate modeling, which is described in 

section 6.3 but has not been tested in this work. In addition, the proposed method can be 

expanded to more structured synthesis problems (e.g. those modeled using a state-task-

network)(Henao & Maravelias, 2010, 2011). This would require an additional branching and 

bounding step at the superstructure level during the surrogate-based flexibility stage. 
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Chapter 7 

7. Conclusions and future perspectives 

The primary objective of this dissertation has been to leverage concepts from process systems 

engineering (PSE) to help achieve the aim of Quality-by-Design in pharmaceutical process 

development. Specifically this has included the use of process modeling, especially reduced-order 

modeling, as well as sensitivity analysis, feasibility and flexibility analysis and process design 

under uncertainty.  Each of these tools can contribute to enhanced process understanding and 

ultimately to the design of robust and well-understood pharmaceutical manufacturing processes. 

Modeling is integral to the implementation of the process analysis and optimization as a whole. In 

a process development context, integrated flowsheet models can supplement experimental studies 

during process scale-up and can be used evaluate design alternatives and control strategies prior 

to implementing these on-scale. (K. V. Gernaey & Gani, 2010; Singh et al., 2012; Troup & 

Georgakis, 2013) Within these integrated models, reduced-order modeling can bridge the gap 

between high fidelity simulations and the semi-empirical unit operation models.(F. Boukouvala, 

Gao, et al., 2013; Rogers & Ierapetritou, 2014) Once integrated process models have been 

developed, they can be used for process analysis. Sensitivity analysis can be conducted to identify 

potential critical process parameters, as well as manipulated variables for quality control 

strategies.(F. Boukouvala et al., 2012; Rogers et al., 2014) This has implications for quality risk 

assessment, as well as for establishing process design space. Feasibility analysis is also useful in 

determining design space. The results of feasibility analysis can be used to identify the edges of 

failure for a process with respect to product quality.(F. Boukouvala et al., 2010a; MacGregor & 

Bruwer, 2008) Knowing the shape and size of the feasible operating region is useful when 

establishing process design space.(Garcia et al., 2008) Finally, process flexibility analysis can be 

used to quantify process robustness.(Halemane, 1983) In conjunction with algorithms for optimal 
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design under uncertainty, this information can be used to design processes that are robust and cost 

effective.(Pistikopoulos & Ierapetritou, 1995) 

In order to implement these PSE concepts, it has been necessary to develop and implement 

mathematical tools for process modeling, analysis and optimization. This has been challenging 

due to the complex nature of the solids-based processes considered in this dissertation. Particulate 

processes are known to be difficult to model for a number of reasons.(Muir Wood, 2008) Lack of 

understanding related to physical properties and flow behavior of pharmaceutical powders 

exacerbates this issue for pharmaceutical processes.(P. McKenzie et al., 2006; Muzzio et al., 

2002) The modeling techniques that can most accurately represent these particulate processes 

(e.g. DEM), also tend to be computationally intensive.(Ketterhagen et al., 2009) As such they 

may not be suitable for many applications, including integrated process modeling, sensitivity 

analysis and optimization. Even methods that are well-suited to flowsheet modeling, like 

population balance (PBM) and residence time distribution (RTD) models, require experimental 

data (Gao, Vanarase, et al., 2011) or information from DEM(Wassgren et al., 2011) to ensure 

accuracy.  

It is also difficult to apply commercially available algorithms for process optimization to 

pharmaceutical process models. This is due to the complex and often dynamic nature of flowsheet 

simulations for solids-based processes. (F. Boukouvala, Chaudhury, et al., 2013; F. Boukouvala 

et al., 2012) Therefore computationally efficient methods for optimization of complex process 

models must be developed.(F. Boukouvala & Ierapetritou, 2013; Caballero & Grossmann, 2008; 

Henao & Maravelias, 2011; Müller et al., 2013) Developing such methods presents its own 

challenges, including the need to develop efficient surrogate models, to balance sampling 

requirements with model accuracy (Jones, 2001; Jones et al., 1998) and the incorporation of 

branch and bound methods for problems involving both discrete and continuous variables.(Davis 

& Ierapetritou, 2009; Müller et al., 2013)  
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In this work, efforts have been made to address many of these challenges. A method for dynamic 

reduced-order modeling of high dimensional systems has been introduced, which can be used to 

incorporate information from DEM simulations into flowsheet models at low computational cost. 

This method has been applied to model a continuous blender, and the resulting flowsheet 

simulation demonstrates reasonable agreement with experimental systems. A surrogate-based 

algorithm for feasibility analysis has also been developed. This method has been shown to 

generate accurate representations of the feasible region for complex and dynamic processes. It is 

also computationally efficient relative to surrogate-based methods presented in prior work.(F. 

Boukouvala & M. G. Ierapetritou, 2012) The use of surrogate models to estimate flexibility 

indices for processes with both deterministic and stochastic uncertainties has also been presented 

in this thesis, for what is believed to be the first time.  Surrogate-based flexibility analysis has 

been incorporated into an algorithm for process design under uncertainty. This algorithm is 

unique in the area of surrogate-based process synthesis in that it employs reduced-order modeling 

for both discrete and continuous variables.(Davis & Ierapetritou, 2009; Henao & Maravelias, 

2011) 

The role of PSE concepts in Quality-by-Design based pharmaceutical development has been 

demonstrated with case studies throughout this dissertation. Sensitivity analysis has been used to 

identify potential critical process parameters and control strategies for a continuous direct 

compaction process. Feasibility analysis has been applied to steady state and dynamic roller 

compaction processes to guide the selection of design space for this unit operation. Flexibility 

analysis has been demonstrated for a roller compaction process and also an integrated feeding and 

blending system. In the context of the roller compaction process the flexibility index has been 

used to evaluate the effect of different types of uncertainties (stochastic vs. deterministic) on 

process robustness. For the feeding and blending system, feasibility and flexibility analysis have 

been combined with a surrogate-based algorithm for process design under uncertainty to aid in 

the selection of a robust process design.  
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This dissertation has endeavored to develop methods that will facilitate the increased use of 

process systems engineering tools in the pharmaceutical industry. However there are many areas 

for future work that can improve and enhance these tools. For pharmaceutical process modeling, 

significant effort should be directed to the development and experimental validation of more 

predictive integrated models. Specifically, better models are needed to account for the influence 

of material properties on process performance in pharmaceutical flowsheeting applications. These 

models should consider not only raw material properties, but also the effect of mechanical forces 

like shear on the properties of pharmaceutical powders. In addition, further study is needed in the 

area of PCA-based reduced-order modeling to further optimize the selection of equipment 

discretization and sampling frequency for DEM applications. Residence time distribution models 

that are more predictive, particularly with respect to micro mixing behavior, are needed for 

continuous blending systems. Ideally these models should be able to incorporate the influence of 

material properties on parameters in the RTD model. In addition, residence time distributions for 

other unit operations, especially loss-in-weight feeders, hoppers and feed frames are needed to 

more accurately capture the dynamics of integrated pharmaceutical manufacturing processes. 

Finally, more extensive validation of flowsheet simulations against data collected from 

continuous manufacturing systems is needed. While integrated process models are not expected 

to provide exact quantitative agreement with experimental systems, it is important to demonstrate 

that they can capture general trends with respect to process performance and 

dynamics.(Chatterjee, 2008)   

There is also a great deal of additional development needed in the area of efficient optimization 

strategies for complex processes involving black-box objectives and constraints. The most 

significant outstanding issue in this area is the need for rigorous proofs of global convergence for 

surrogate-based methods. This can be addressed in part through the use of algorithms that 

combine a surrogate-based global search with a trust region local search.(Agarwal & Biegler, 

2013; F. Boukouvala & Ierapetritou, 2014) In the area of surrogate-based feasibility analysis, 
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these methods need to be demonstrated for case studies involving large numbers of uncertain 

parameters. Such case studies may necessitate the development of more efficient sampling 

criteria for model improvement. For dynamic surrogate-based feasibility analysis, sampling 

strategies with variable time steps should be evaluated to determine if these can improve the 

dynamic representation of the feasibility function. Further development of strategies for 

surrogate-based process synthesis is also needed. Existing strategies take advantage of surrogate 

models at the local optimization level, but this does not afford significant computational savings 

with respect to optimizing the process design. Surrogate-based algorithms for the solution of 

mixed-integer problems (MIP, MINLP) that can accommodate black-box functions of both 

continuous and discrete variables are needed in order to extend the capabilities of existing 

surrogate-based process synthesis algorithms.  

Finally, the development of commercially available software to implement the various modeling 

and analysis tools described in this dissertation could result in more widespread adoption of PSE 

concepts in industry. The recent development of solids-processing libraries for flowsheet 

modeling environments like gPROMSTM and ASPEN Plus® are promising developments in this 

area. However more extensive model libraries are needed for pharmaceutical operations. In 

addition, user-friendly software that can implement sensitivity and feasibility analysis as well as 

efficient and robust optimization would greatly enhance the capacity for these methods to play a 

role in pharmaceutical process development.  
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